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The frequency response H(jw) plays as important a role in the analysis of LTI sys-
tems as does its inverse transform, the unit impulse response. For one thing, since A(r)
completely characterizes an LTI system, then so must H(jw). In addition, many of the
properties of LTI systems can be conveniently interpreted in terms of H(jw). For exam-
ple, in Section 2.3, we saw that the impulse response of the cascade of two LTI systems
is the convolution of the impulse responses of the individual systems and that the over-
all impulse response does not depend on the order in which the systems are cascaded.
Using eq. (4.56), we can rephrase this in terms of frequency responses. As illustrated in
Figure 4.19, since the impulse response of the cascade of two L'FI systems is the con-
volution of the individual impulse responses, the convolution property then implies that
the overall frequency response of the cascade of two systems is simply the product of
the individual frequency responses. From this observation, it is then clear that the overall
frequency response does not depend on the order of the cascade.

X(t) —p| Hy(j)

Hy(jw) > y(i)

4

@

X(Y) e H () Hy ) i /(1)

()

x(t) ——] Hoyjco) —| H,(jo) —>~ y(t) Figure 4.19 Three equivalent LTI
systems. Here, each block represents

an LTI system with the indicated
(© frequency response.

As discussed in Section 4.1.2, convergence of the Fourier transform is guaranteed
only under certain conditions, and consequently, the frequency response cannot be defined
for every LTI system. If, however, an LTI system is stable, then, as we saw in Section 2.3.7
and Problem 2.49, its impulse response is absolutely integrable; that is,

4o
J |r(®)|dt < oo. “4.57)

Equation (4.57) is one of the three Dirichlet conditions that together guarantee the exis-
tence of the Fourier transform H(jw) of A(z). Thus, assuming that h(r) satisfies the other
two conditions, as essentially all signals of physical or practical significance do, we see
that a stable LTI system has a frequency response H(jw).

In using Fourier analysis to study LTI systems, we will be restricting ourselves
to systems whose impulse responses possess Fourier transforms. In order to use trans-
form techniques to examine unstable LTI systems we will develop a generalization of
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the continuous-time Fourier transform, the Laplace transform. We defer this discussion to
Chapter 9, and until then we will consider the many problems and practical applications
that we can analyze using the Fourier transform.

4.4.1 Examples
To illustrate the convolution property and its applications further, let us consider several
examples.
Example 4.15
Consider a continuous-time LTI system with impulse response
h(r) = 8(t — tp). (4.58)
The frequency response of this system is the Fourier transform of h(¢) and is given by
H(jw) = e /=, 4.59)

Thus, for any input x(¢) with Fourier transform X (j), the Fourier transform of the output
is

I

Y(jo) = H(jw)X(jw) (4.60)

= e X (jw).
This result, in fact, is consistent with the time-shift property of Section 4.3.2. Specifi-

cally, a system for which the impulse response is 8(f — tp) applies a time shift of #) to the
input—that is,

¥ = x(t — to).

Thus, the shifting property givenin eq. (4.27) also yields eq. (4.60). Note that, either from
our discussion in Section 4.3.2 or directly from eq. (4.59), the frequency response of a
system that is a pure time shift has unity magnitude at all frequencies (i.e., e /0| = 1)
and has a phase characteristic —w/, that is a linear function of w.

Example 4.16

As a second example, let us examine a differentiator—that is, an LTI system for which
the input x(¢) and the output v(f) are related by

dx(1)
dr -’

¥ =

From the differentiation property of Section 4.3 .4,
Y(jo) = joX(jo). (4.61)

Consequently, from eq. (4.56), it follows that the frequency response of a differentiator
is

H(jo) = jow. (4.62)



The Continuous-Time Fourier Transform Chap. 4

Example 4.17

Consider an integrator—that is, an LTI system specified by the equation
1
y@) = j x(1)d.

- The impulse response for this system is the unit step u(f), and therefore, from Exam-
+» ple 4.11 and eq. (4.33), the frequency response of the system is

. H(jw) = L + wd(w).
Jo

Then using eq. (4.56), we have
Y(jow)

H(jw)X(jw)

= ,Lx(jw) + 7X(jw)d(w)
Jw

= L X(ja) + TXO5@)
Jw
which is consistent with the integration property of eq. (4.32).

Example 4.18

As we discussed in Section 3.9.2, frequency-selective filtering is accomplished with an
LTI system whose frequency response H( jw) passes the desired range of frequencies and
significantly attenuates frequencies outside that range. For example, consider the ideal
lowpass filter introduced in Section 3.9.2, which has the frequency reponse illustrated in
Figure 4.20 and given by

1 ol <o,

0 lo|> (4.63)

H(jw) = {

Now that we have developed the Fourier transform representation, we know that the
impulse response A(¢) of this ideal filter is the inverse transform of eq. (4.63). Using the
result in Example 4.5, we then have
inw.t
() = SLL (4.64)
Tt

which is plotted in Figure 4.21.

Hjoy)

—wg 0 we ®
-—Stopband —'|<— Passband Stopband —

Figure 4.20 Frequency response of an ideal lowpass filter.
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h()

& |°€

Figure 4.21 Impulse response of an ideal lowpass filter.

From Example 4.18, we can begin to see some of the issues that arise in filter design
that involve looking in both the time and frequency domains. In particular, while the ideal
lowpass filter does have perfect frequency selectivity, its impulse response has some char-
acteristics that may not be desirable. First, note that h(f) is not zero for t < 0. Consequently,
the ideal lowpass filter is not causal, and thus, in applications requiring causal systems,
the ideal filter is not an option. Moreover, as we discuss in Chapter 6, even if causality
is not an essential constraint, the ideal filter is not easy to approximate closely, and non-
ideal filters that are more easily implemented are typically preferred. Furthermore, in some
applications (such as the automobile suspension system discussed in Section 6.7.1), oscil-
latory behavior in the impulse response of a lowpass filter may be undesirable. In such
applications the time domain characteristics of the ideal lowpass filter, as shown in Fig-
ure 4.21, may be unacceptable, implying that we may need to trade off frequency-domain
characteristics such as ideal frequency selectivity with time-domain properties.

For example, consider the LTI system with impulse response

h(®) = e "u(r). (4.65)

The frequency response of this system is

H(jw) = (4.66)

jo + 1

Comparing egs. (3.145) and (4.66), we see that this system can be implemented with
the simple RC circuit discussed in Section 3.10. The impulse response and the magnitude
of the frequency response are shown in Figure 4.22. While the system does not have the
strong frequency selectivity of the ideal lowpass filter, it is causal and has an impulse
response that decays monotonically, i.e., without oscillations. This filter or somewhat more
complex ones corresponding to higher order differential equations are quite frequently
preferred to ideal filters because of their causality, ease of implementation, and flexibility
in allowing trade-offs, among other design considerations such as frequency selectivity
and oscillatory behavior in the time domain. Many of these issues will be discussed in
more detail in Chapter 6.

The convolution property is often useful in evaluating the convolution integral—i.e.,
in computing the response of LTI systems. This is illustrated in the next example.
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h{t)

(b)

Figure 4.22 (a) Impulse response of the LT! system in eq. (4.65);
(b) magnitude of the frequency response of the system.

Example 4.19
Consider the response of an LTI system with impulse response
h(@ = e u(t), a>0,
to the input signal
x() =ePu@), b>o0.

Rather than computing y(r) = x(¢) * h(z) directly, let us transform the problem into the
frequency domain. From Example 4.1, the Fourier transforms of x(r) and A(r) are

XUe) = 55

and

H(jw) =

a+ jw’
Therefore,

1

YO = @ T + ey

“.67)

To determine the output y(r), we wish to obtain the inverse transform of Y(jw).
This is most simply done by expanding Y(jw) in a partial-fraction expansion. Such
expansions are extremely useful in evaluating inverse transforms, and the general
method for performing a partial-fraction expansion is developed in the appendix. For this
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example, assuming that b # a, the partial fraction expansion for Y(jw) takes the form

Lo B
- where A and B are constants to be determined. One way to find A and B is to equate the
right-hand sides of eqgs. (4.67) and (4.68), multiply both sides by (a + jw)(b + jw), and
solve for A and B. Alternatively, in the appendix we present a more general and efficient
method for computing the coefficients in partial-fraction expansions such as eq. (4.68).

- Using either of these approaches, we find that

and therefore,

Y(jo) = (4.69)

b—a a+jw—b+jw )

The inverse transform for each of the two terms in eq. (4.69) can be recognized
by inspection. Using the linearity property of Section 4.3.1, we have

[e " u(t) — e P u(n).

@) = 5" a

When b = a, the partial fraction expansion of eq. (4.69) is not valid. However, with
b = a, eq. (4.67) becomes

1

o) = @ er

Recognizing this as

1 _.d [ 1
(a+ jw)? Jdw |a+ jo |
we can use the dual of the differentiation property, as given in eq. (4.40). Thus,

¥
e "u(t) «—>

a+ jo
te_”'u(t) (i) J‘i‘[ l ] = 1
do |la+ jo (a+ jw)*’

and consequently,

¥(t) = te u(®).

Example 4.20

As another illustration of the usefulness of the convolution property, let us consider the
problem of determining the response of an ideal lowpass filter to an input signal x(¢) that
has the form of a sinc function. That is,

sinw;t
Tt

x(t) =

Of course, the impulse response of the ideal lowpass filter is of a similar form, namely,
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sinw ./
h(t) = <.
Tt

The filter output y(z) will therefore be the convolution of two sinc functions, which, as we
now show; also turns out to be a sinc function. A particularly convenient way of deriving
this result is to first observe that

Y(jo) = X(jw)H(jw),

where
X =
(o) { 0 elsewhere
and
, 1 Jo| = w,
H = .
() { 0 elsewhere
Therefore,
. 1 |w[ = wo
Y = ,
() [ 0 elsewhere
where wq is the smaller of the two numbers w; and w.. Finally, the inverse Fourier trans-
form of Y(jw) is given by
sinw.t
S fw, = w;
T
1) =
o) sinw;f .
ifw, < W,
Tt

That is, depending upon which of @, and w; is smaller, the output is equal to either x(r)
or h(t).

4.5 THE MULTIPLICATION PROPERTY

The convolution property states that convolution in the rime domain corresponds to mul-
tiplication in the frequency domain. Because of duality between the time and frequency
domains, we would expect a dual property also to hold (i.e., that multiplication in the time
domain corresponds to convolution in the frequency domain). Specifically,

I
() = s(Hp(r) «— R(jw) = 2_7-1'," S(jO)P(j(w— 6))d6 (4.70)

This can be shown by exploiting duality as discussed in Section 4.3.6, together with the
convolution property, or by directly using the Fourier transform relations in a manner anal-
ogous to the procedure used in deriving the convolution property.

Multiplication of one signal by another can be thought of as using one signal to scale
or modulate the amplitude of the other, and consequently, the multiplication of two sig-
nals is often referred to as amplitude modulation. For this reason, eq. (4.70) is sometimes
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referred to as the modulation property. As we shall see in Chapters 7 and 8, this property
has several very important applications. To illustrate eq. (4.70), and to suggest one of the
applications that we will discuss in subsequent chapters, let us consider several examples.

Example 4.21

Let s(f) be a signal whose spectrum S(jw) is depicted in Figure 4.23(a). Also, consider
the signal

p() = coswot.
Then

P(jw) = w8(w — wg) + o (w + wo),

as sketched in Figure 4.23(b), and the spectrum R(jw) of r(t) = s(t)p(r) is obtained by

S(jw)
A
—wy on ®
@
m P(jw) ™
—wg (b) wq w
R(o) = 5 [S(w) + PGo]
A/2 .
PAN AN
—wg wq w
(g — @) (—wp+ ) (wg— @) {wg+wy)
(¢

Figure 4.23 Use of the multiplication property in Example 4.21: (a) the
Fourier transform of a signal s(t); (b) the Fourier transform of p(f) = c0S wp?;
(c) the Fourier transform of r(t) = s(t)p(?).
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an application of eq. (4.70), yielding

+oo

R(w) = J SGOPi(w — 6))d0
~ 55U@ = o) + 25(j(@ + wo), @.71)

which is sketched in Figure 4.23(c). Here we have assumed that wo > w1, so that the
two nonzero portions of R(jw) do not overlap Clearly, the spectrum of r(¢) consists of
the sum of two shifted and scaled versions of S(jw).

o From eq. (4.71) and from Figure 4. 23, we see that all of the information in the
- signal s(r) is preserved when we multiply this signal by a sinusoidal signal, although the
information has been shifted to higher frequencies. This fact forms the basis for sinu-
soidal amplitude modulation systems for communications. In the next example, we learn
how we can recover the original signal s(¢) from the amplitude-modulated signal r(r).

Example 4.22

Let us now consider r(f) as obtained in Example 4.21, and let
8@ = r(Hp(),

where, again, p(f) = coswor. Then, R(jw), P(jw), and G(jw) are as shown in
Figure 4.24.
5 From Figure 4.24(c) and the linearity of the Fourier transform, we see that g(f)
¢ isthe sumof (1/2)s(r) and a signal with a spectrum that is nonzero only at higher frequen-

R(jw)
A2
- (l)o (a) wq w
L P(jw) g
—g (b) wq [0}
Gjo)
A/4 A2 A/4
P A
—2wy —0y @y 2wg ®
(©

Figure 4.24 Spectra of signals considered in Example 4.22: (a) R(jw);
(b) P(jw); (c) G(jw).
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cies (centered around *2wy). Suppose then that we apply the signal g(¢) as the input to

a frequency-selective lowpass filter with frequency response H(jw) that is constant at

low frequencies (say, for jw| < w) and zero at high frequencies (for |w| > w)). Then
- the output of this system will have as'its spectrum H(jw)G(jw), which, because of the
£ particular choice of H(jw), will be a scaled replica of S(jw). Therefore, the output itself
will be a scaled version of s(¢). In Chapter 8, we expand significantly on this idea as we
develop in detail the fundamentals of amplitude modulation.

Example 4.23

Another illustration of the usefulness of the Fourier transform multiplication property is
provided by the problem of determining the Fourier transform of the signal

sin(z) sin(¢/2)
wt? )

x(t) =

The key here is to recognize x(f) as the product of two sinc functions:

sin(r) ) (sin(t/2) )

Tt Tt

x(t) = 7r(

Applying the multiplication property of the Fourier transform, we obtain
sm(t)} «F { sm(t/2)] '

Tt it

X(jw) = %sr{

Noting that the Fourier transform of each sinc function is a rectangular pulse, we can
proceed to convolve those pulses to obtain the function X{jw) displayed in Figure 4.25.

X(jew)
1/2
1/ ] N
-3 -1 1 3 ®
2 2 2 2

Figure 4.25 The Fourier transform of x(f) in Example 4.23.

4.5.1 Frequency-Selective Filtering with Variable Center Frequency

As suggested in Examples 4.21 and 4.22 and developed more fully in Chapter 8, one of the
important applications of the multiplication property is amplitude modulation in commu-
nication systems. Another important application is in the implementation of frequency-
selective bandpass filters with tunable center frequencies that can be adjusted by the
simple turn of a dial. In a frequency-selective bandpass filter built with elements such
as resistors, operational amplifiers, and capacitors, the center frequency depends on a
number of element values, all of which must be varied simultaneously in the correct way
if the center frequency is to be adjusted directly. This is generally difficult and cumber-
some in comparison with building a filter whose characteristics are fixed. An alternative
to directly varying the filter characteristics is to use a fixed frequency-selective filter and
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shift the spectrum of the signal appropriately, using the principles of sinusoidal amplitude
modulation.

For example, consider the system shown in Figure 4.26. Here, an input signal
x(¢) is multiplied by the complex exponential signal e/“</, The resulting signal is then
passed through a lowpass filter with cutoff frequency wy, and the output is multiplied by
e~ /o< The spectra of the signals x(f), y(t), w(#), and f(f) are illustrated in Figure 4.27.

ekt Ideal lowpass g huet
filter
H(jw)
() 1 w(t)
t -pe-{ X P -{ X » f({
x(1) {x) ) (t)
_0)0 Wy @

Figure 4.26 Implementation of a bandpass filter using amplitude modula-
tion with a complex exponential carrier.

X(joo)

©
w
W(jw)
—y (071 (0]
Fljw)
A
]
[ e t Figure 4.27 Spectra of the signals

(—oc—og)  (—op+ wg) in the system of Figure 4.26.
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Specifically, from either the multiplication property or the frequency-shifting property it
follows that the Fourier transform of y(f) = e/“<'x(¢) is

+o .
Y(jw) = J 36 — 0 )X(w — 6)do
so that Y(jw) equals X(jw) shifted to the right by w. and frequencies in X(jw) near
@ = w, have been shifted into the passband of the lowpass filter. Similarly, the Fourier

transform of f(z) = e/ “'w(?) is
F(jw)=W(jlw+w,)),

so that the Fourier transform of F (jw) is W (jw) shifted to the left by w .. From Figure 4.27,
we observe that the overall system of Figure 4.26 is equivalent to an ideal bandpass fil-
ter with center frequency —w. and bandwidth 2wy, as illustrated in Figure 4.28. As the
frequency w, of the complex exponential oscillator is varied, the center frequergy of the
bandpass filter varies.

H(jw)

l o {/ 4 -
|‘—2“’° ®  Figure 4.28 Bandpass filter eqyiya"
“ lent of Figure 4.26. Ll

In the system of Figure 4.26 with x(¢) real, the signals y(r), w(), and f(?) are all
complex. If we retain only the real part of f(¢), the resulting spectrum is that shown in
Figure 4.29, and the equivalent bandpass filter passes bands of frequencies centered
around w. and ~w,, as indicated in Figure 4.30. Under certain conditions, it is also possi-
ble to use sinusoidal rather than complex exponential modulation to implement the system
of the latter figure. This is explored further in Problem 4.46.

M

—w, we .
Figure 4.29 Spectrum of Re{f(1)}
+-2wo— }'"2“"_" associated with Figure 4.26.

H(jw)

—og —og ®

Figure 4.30 Equivalent bandpass
H-2wp - 2wg fitter for Re{f(t)} in Figure 4.29.
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4.6 TABLES OF FOURIER PROPERTIES AND OF BASIC FOURIER TRANSFORM PAIRS

In the preceding sections and in the problems at the end of the chapter, we have consid-
ered some of the important properties of the Fourier transform. These are summarized in
Table 4.1, in which we have also indicated the section of this chapter in which each prop-
erty has been discussed.

In Table 4.2, we have assembled a list of many of the basic and important Fourier
transform pairs. We will encounter many of these repeatedly as we apply the tools of

TABLE 4.1 PROPERTIES OF THE FOURIER TRANSFORM
Section Property Aperiodic signal Fourier transforin
x(r) X(jw)
U] Y(jw)
43.1 Linearity ax(t) + by(r) aX(jw) + bY(jw)
432 Time Shifting x(t — 1) e X (jw)
4.3.6 Frequency Shifting &4 x(1) X(jw — wy))
433 Conjugation X0 X'(— jw)
435 Time Reversal x(—1) X(— jw)
4.3.5 Time and Frequency x(at) ﬁX (!3)
Scaling a - \a
44 Convolution x(1) * (1) X(jw)Y(jo)
4.5 Multiplication Oy ZLJ X(iO)Y(j(w — 8)do
434 Differentiation in Time ‘% x(t) JjoX(jw)
t
434 Integration [ x(t)dt jLwX( jw) + 7X(0)6(w)
436 Differentiation in tx(t) Jj diX (jw)
Frequency @
X(jw) = X*(— jw)
Re{X(jw)} = Re(X(— jw)}
433 Conjugate Symmetry x(1) real Im{X(jw) = —Im{X(~ jw)}
for Real Signals IX(jw)| = |X(— jow)|
IX(jw) = —4X(— jw)
433 Symmetry for Realand  x(¢) real and even X(jow) real and even
Even Signals
433 Symmetry for Real and  x(¢) real and odd X(jw) purely imaginary and odd
Odd Signals
=§ i
433 Even-Odd Decompo- xe(t) _ Ov{x(t)} Lx(2) real) fRe{X(]fo)}
sition for Real Sig- Xol) = 0d{x(t)} [x(Dreal]  jIm{X(jw)}
nals
437 Parseval’s Relation for Aperiodic Signals

I i [x(t)|dt =

1 (*
37 | KGw)Pdo
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TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS
i Fourier series coefficients
Signal Fourier transform (if periodic)
+0 X 4o
Z agelto 27 Z a,8(w — kwo) ax
=—0 k=-
. a =
Jwol —
€ 2md@ ~ wo) a; = 0, otherwise
= =1
cos wot [d{w — wo) + 8(w + wp)] @ =a- 2
a, = 0, otherwise
= — =1
sinwot T @ - wo) - b +wo)] 4T
J a, = 0, otherwise
a=1 a=0k#0
x(@0) =1 27 8(w) this is the Fourier series representation for
any choiceof T > 0
Periodic square wave
po|b W< +* 2sin kwoT T keooT in ko
X0 = 0 Ty<l= zﬂ——o—'ﬁ(m—kwo) bl Ismc( a |)=sm ofy
and = k kar

x(t +T) = x(t)

e, 27 & 27k 1
”;a(t - nT) T k;a(w - ——T—) a, =  forallk
x(t){ 1, H<Ty 2sinwT), -

0 ld>T1 w

i <

sin Wt X(jw) = { L lej<Ww .
wt 0, |w>W
8(1) 1 _
1
u(t) — + 7é(w) —_
jw
8t — to) e o —

. 1
e "u(r), Refal > 0 - —

a+ jo
te “u(t), Refa} > 0 1 _
(a+ joy

(’,',._-;)! e~"u(), _r —_

Rela} >0 (a+ jo)
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Fourier analysis in our examination of signals and systems. All of the transform pairs,
except for the last one in the table, have been considered in examples in the preceding
sections. The last pair is considered in Problem 4.40. In addition, note that several of
the signals in Table 4.2 are periodic, and for these we have also listed the corresponding
Fourier series coefficients.

4.7 SYSTEMS CHARACTERIZED BY LINEAR CONSTANT-COEFFICIENT
DIFFERENTIAL EQUATIONS R

As we have discussed on several occasions, a particularly important and useful class
of continuous-time LTI systems is those for which the input and output satisfy a linear
constant-coefficient differential equation of the form

N odqyn M gk
;)ak = ‘;)b_k TR 4.72)

In this section, we consider the question of determining the frequency response of
such an LTI system. Throughout the discussion we will always assume that the
frequency response of the system exists, i.e., that €q. (3.121) converges.

There are two closely related ways in which to determine the frequency response
H(jw) for an LTI system described by the differential equation (4.72). The first of these,
which relies on the fact that complex exponential signals are eigenfunctions of LTI
systems, was used in Section 3.10 in our analysis of several simple, nonideal filters.
Specifically, if x(r) = e/, then the output must be y(r) = H(jw)e/*". Substituting these
expressions into the differential equation (4.72) and performing some algebra, we can
then solve for H(jw). In this section we use an alternative approach to arrive at the same
answer, making use of the differentiation property, eq. (4.31), of Fourier transforms.

Consider an LTI system characterized by eq. (4.72). From the convolution property,

Y(jow) = H(jw)X(jw),
or equivalently,

_ Y(jw)
X(jw)’

H(jw) “4.73)

where X(jw), Y(jw), and H(jw) are the Fourier transforms of the input x(#), output y(¢),
and impulse response A(1), respectively. Next, consider applying the Fourier transform to
both sides of eq. (4.72) to obtain

N k M k
> 4y > d*x(1)
g[ zoakW} = Ef{k=0bk dfk ] (474)
From the linearity property, eq. (4.26), this becomes

N k M dk
Zakﬂ’[ ddf/(f)} => bkﬂ’[ %ﬁ’)} , @4.75)
k=0 k=0
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and from the differentiation property, eq. (4.31),

N M
> ajo)Y(jo) = > b(jw)X(jw),
k=0

k=0
or equivalently,
N M
Y(jw){ ak(jw)"] = X(jw) [Z bk(jw)"}. s
k=0 k=0
Thus, from eq. (4.73),
Hjo) = 1G9 _ > heo bu(iw)*

T X(jo) SN gyt

331

4.76)

Observe that H(jw) is thus a rational function; that is, it is a ratio of polynomials
in (jw). The coefficients of the numerator polynomial are the same coefficients as those
that appear on the right-hand side of eq. (4.72), and the coefficients of the denominator
polynomial are the same coefficients as appear on the left side of eq. (4.72). Hence, the
frequency response given in eq. (4.76) for the LTI system characterized by eq. (4.72) can

be written down directly by inspection.

The differential equation (4.72) is commonly referred to as an Nth-order differen-
tial equation, as the equation involves derivatives of the output y(¢) up through the Nth
derivative. Also, the denominator of H(jw) in eq. (4.76) is an Nth-order polynomial in

(jo).
Example 4.24
Consider a stable LTI system characterized by the differential equation

dy() _
ar + ay(t) = x(1),

* with a > 0. From eq. (4.76), the frequency response is

o1
H{o) = 2

“.77

(4.78)

Comparing this with the resuit of Example 4.1, we see that eq. (4.78) is the Fourier

transform of e~ u(z). The impulse response of the system is then recognized as

) = e " u(®).

Example 4.25
Consider a stable LTI system that is characterized by the differential equation

2
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From eq. (4.76), the frequency response is

(jw) +2
(jw)* + 4(jw) + 3’

H(jw) = 4.79

To determine the corresponding impulse response, we require the inverse Fourier trans-
form of H(jw). This can be found using the technique of partial-fraction expansion em-
ployed in Example 4.19 and discussed in detail in the appendix. (In particular, see Ex-
ample A.1, in which the details of the calculations for the partial-fraction expansion of
eq. (4.79) are worked out.) As a first step, we factor the denominator of the right-hand
side of eq. (4.79) into a product of lower order terms:

Jo +2

HU) = Go+ DG+

(4.80)

Then, using the method of partial-fraction expansion, we find that

1 i
W) = —2 43
H(jw) jo+1 " jo+3

The inverse transform of each term can be recognized from Example 4.24, with the result
that

h(t) = %e"u(t) + %e—“u(t).

The procedure used in Example 4.25 to obtain the inverse Fourier transform is gen-
erally useful in inverting transforms that are ratios of polynomials in Jjw. In particular,
we can use eq. (4.76) to determine the frequency response of any LTI system described
by a linear constant-coefficient differential equation and then can calculate the impulse
response by performing a partial-fraction expansion that puts the frequency response into
a form in which the inverse transform of each term can be recognized by inspection. In
addition, if the Fourier transform X(jw) of the input to such a system is also a ratio of
polynomials in jw, then so is Y(jw) = H(jw)X(jw). In this case we can use the same
technique to solve the differential equation—that is, to find the response y(?) to the input
x(t). This is illustrated in the next example.

Example 4.26
Consider the system of Example 4.25, and suppose that the input is
x(®) = e 'u(®).

Then, using eq. (4.80), we have

. L Jjo +2 1
H(jw)X(jw) = [(jw + D(jo + 3)][1’(» + 1}

Y(jow)

_ jo +2
T (o + 12w + 3) (4-81)
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As discussed in the appendix, in this case the partial-fraction expansion takes the form

Ay Ap Az

YUo) =551 Go+r 12 jo+3

(4.82)

where Aj;, Ayz, and A, are constants to be determined. In Example A.2 in the appendix,
+ the technique of partial-fraction expansion is used to determine these constants. The
values obtained are

1
Au= Ap=

S

so that

i L

. _ 4 2 I
Yo = -0 Gor 2 jw+3

(4.83)

Again, the inverse Fourier transform for each term in eq. (4.83) can be obtained by in-
spection. The first and third terms are of the same type that we have encountered in the
preceding two examples, while the inverse transform of the second term can be obtained
from Table 4.2 or, as was done in Example 4.19, by applying the dual of the differenti-
ation property, as given in eq. (4.40), to 1/(jw + 1). The inverse transform of eq. (4.83)
is then found to be

¥ = [%e—' + %te_' - %(3:] u(?).

From the preceding examples, we see how the techniques of Fourier analysis allow
us to reduce problems concerning LTI systems characterized by differential equations to
straightforward algebraic problems. This important fact is illustrated further in a number
of the problems at the end of the chapter. In addition (see Chapter 6), the algebraic structure
of the rational transforms encountered in dealing with LTI systems described by differen-
tial equations greatly facilitate the analysis of their frequency-domain properties and the
development of insights into both the time-domain and frequency-domain characteristics
of this important class of systems.

4.8 SUMMARY

In this chapter, we have developed the Fourier transform representation for continous-time
signals and have examined many of the properties that make this transform so useful. In
particular, by viewing an aperiodic signal as the limit of a periodic signal as the period
becomes arbitrarily large, we derived the Fourier transform representation for aperiodic
signals from the Fourier series representation for periodic signals developed in Chapter 3.
In addition, periodic signals themselves can be represented using Fourier transforms con-
sisting of trains of impulses located at the harmonic frequencies of the periodic signal and
with areas proportional to the corresponding Fourier series coefficients.

The Fourier transform possesses a wide variety of important properties that de-
scribe how different characteristics of signals are reflected in their transforms, and in
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this chapter we have derived and examined many of these properties. Among them are
two that have particular significance for our study of signals and systems. The first is the
convolution property, which is a direct consequence of the eigenfunction property of com-
plex exponential signals and which leads to the description of an LTI system in terms
of its frequency response. This description plays a fundamental role in the frequency-
domain approach to the analysis of LTI systems, which we will continue to explore in
subsequent chapters. The second property of the Fourier transform that has extremely
important implications is the multiplication property, which provides the basis for the
frequency-domain analysis of sampling and modulation systems. We examine these sys-
tems further in Chapters 7 and 8.

We have also seen that the tools of Fourier analysis are particularly well suited to
the examination of LTI systems characterized by linear constant-coefficient differential
equations. Specifically, we have found that the frequency response for such a system can -
be determined by inspection and that the technique of partial-fraction expansion can then
be used to facilitate the calculation of the impulse response of the system. In subsequent
chapters, we will find that the convenient algebraic structure of the frequency responses
of these systems allows us to gain considerable insight into their characteristics in both the
time and frequency domains.

Chapter 4 Problems

The first section of problems belongs to the basic category and the answers are pro-
vided in the back of the book. The remaining three sections contain problems belonging
to the basic, advanced, and extension categories, respectively.

BASIC PROBLEMS WITH ANS\XERS

4.1. Use the Fourier transform analysis equation (4.9) to calculate the Fourier transforms
of:
(@) e 2Dy —1)  (b) e 21
Sketch and label the magnitude of each Fourier transform.

4.2. Use the Fourier transform analysis equation (4.9) to calculate the Fourier transforms
of:
@ 8¢+ D+80—1) B L{u(-2-1+ u—2)}
Sketch and label the magnitude of each Fourier transform.

4.3. Determine the Fourier transform of each of the following periodic signals:
(a) sinQ27t + D (b) 1 + cos(6mt + %)

4.4. Use the Fourier transform synthesis equation (4.8) to determine the inverse Fourier
transforms of:
@) X (jw) = 27 8(w) + 7 8(w — 47) + 7 S(w + 477)
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4.5.

4.6.

4.7.

4.8.

4.9.

‘ 2 0=w=2
®) X(jw) =< -2 -2=w0<0
0, |w|>2 ‘

Use the Fourier transform synthgsis _equation (4.8) to determine the inverse Fourier
transform of X(jw) = |X(jw)|e/*¥U«), where

X(jo)| = 2{u(w + 3) — u(@ - 3)},

X (jw) = —%w + .

Use your answer to determine the values of ¢ for which x(¢) = 0.

Given that x(¢) has the Fourier transform X(jw), express the Fourier transforms of
the signals listed below in terms of X(jw). You may find useful the Fourier transform
properties listed in Table 4.1.

@ x @O =xq1-0+x(—1-1

(b) x2(t) = x(3t — 6)

© x30) = fpxe—1)

For each of the following Fourier transforms, use Fourier transform properties (Table
4.1) to determine whether the corresponding time-domain signal is (i) real, imaginary,
or neither and (ii) even, odd, or neither. Do this without evaluating the inverse of any
of the given transforms.

@) X (jw) = u(w) — u(w —2)

() X>(jw) = cosw)sin(3)

©) Xs3(jo) = A(w)e/B@), where A(w) = (sin2w)/w and B(w) = 2w + 3

@ X(jo) = i 8 — £

Consider the signal
0, t<-—1
x(0) =3 t+1, -i=r=1
1, t>1

(a) Use the differentiation and integration properties in Table 4.1 and the Fourier
transform pair for the rectangular pulse in Table 4.2 to find a closed-form ex-
pression for X(jw).

(b) What is the Fourier transform of g(t) = x(f) — 3?

Consider the signal

|0 le| > 1
o) = {(t+1)/2, l=r=vT

(a) With the help of Tables 4.1 and 4.2, determine the closed-form expression for
X(jw).

(b) Take the real part of your answer to part (a), and verify that it is the Fourier
transform of the even part of x(1).

(c) What is the Fourier transform of the odd part of x(1)?
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4.10.

4.11.

4.12.

4.13.

The Continuous-Time Fourier Transform Chap. 4

(a) Use Tables 4.1 and 4.2 to help determine the Fourier transform of the following
signal:

. o,
x(t) =t (ﬂ)
Tt
(b) Use Parseval’s relation and the result of the previous part to determine the nu-

merical value of
+o P 4
A= J 2 (w) dt
— Tt

W) = x(1) * h(t)

Given the relationships

and
g(t) = x(3¢) » h(31),

and given that x(7) has Fourier transform X(jw) and A(f) has Fourier transform
H(jw), use Fourier transform properties to show that g(¢) has the form

g(1) = Ay(By).

Determine the values of A and B.
Consider the Fourier transform pair

2

AN .
1+ w?

(@) Use the appropriate Fourier transform properties to find the Fourier transform
of e,

(b) Use the result from part (a), along with the duality property, to determine the
Fourier transform of

4t
(1 + )
Hint: See Example 4.13.
Let x(r) be a signal whose Fourier transform is
X(jw) = 8(w) + 8(w — ) + 8(w — 5),
and let
h(®) = u(t) — u(t — 2).

(a) Is x(r) periodic?
(b) Is x(2) * h(¢) periodic?
(¢) Can the convolution of two aperiodic signals be periodic?
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4.14.

4.185.

4.16.

4.17.

4.18.

4.19.

4.20.

Consider a signal x(f) with Fourier transform X(jw). Suppose we are given the
following facts:
1. x(¢) is real and nonnegative.
2. T Y1 + jo)X(jo)} = Ae”¥u(t), where A is independent of «.
3. [T I X(jw)P dw = 2.
Determine a closed-form expression for x(¢).
Let x(¢) be a signal with Fourier transform X(jw). Suppose we are given the fol-
lowing facts: .
1. x(¢) is real.
2. x(f) = Ofort = 0.
3. L[5 RefX(jo)le dw = [t]e1.
Determine a closed-form expression for x(z).
Consider the signal

=, sin(k¥)

@) = 80— k7).
x k;m ) 4

(a) Determine g(z) such that

() = (@)gm.

Tt

(b) Use the multiplication property of the Fourier transform to argue that X(jw) is
periodic. Specify X(jw) over one period.

Determine whether each of the following statements is true or false. Justify your

answers.

(a) An odd and imaginary signal always has an odd and imaginary Fourier trans-
form. '

(b) The convolution of an odd Fourier transform with an even Fourier transform is
always odd.

Find the impulse response of a system with the frequency response

_ (sin2(3w ))cosw

H(jw) =

Consider a causal LTI system with frequency response

H(jw) =

jo +3°

For a particular input x(¢) this system is observed to produce the output
W) = e 3u(t) — e Mu().

Determine x(1).

Find the impulse response of the causal LTI system represented by the RLC circuit
considered in Problem 3.20. Do this by taking the inverse Fourier transform of the
circuit’s frequency response. You may use Tables 4.1 and 4.2 to help evaluate the
inverse Fourier transform.
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BASIC PROBLEMS

4.21. Compute the Fourier transform of each of the following signals:

(@) [e ™ coswotlu(®),a >0 (b) ¢~ sin2s
1+ t, |t =1
© x(®) = { 0 cosm H . @) S5 ga*8(t— kT), la| < 1
(€) [te~% sindrlu(z) f) [fm)[suiec)
(g) x(?) as shown in Figure P4.21(a) (h) x(r) as shown in Figure P4.21(b)
. — 1 - t2, 0 <t< 1 . +0o0 —]t—2n|
® x® {0, : otherwise GO 2," e
x ()

e
—
E—
w"*
_A*
QI——-’———
_¢
B p——
[0 0 2
O) (el

Figure P4.21
4.22. Determine the continuous-time signal corresponding to each of the following
transforms,
L X (jw)
IX (o)
1 41

-1 1 © @

/—Sw

Figure P4.22
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(@) X(jw) = 2Bl

(b) X(jw) = cos(4w + 7/3)

(¢) X(jw) as given by the magnitude and phase plots of Figure P4.22(a)
@) X(jw) = 2[6(w — 1) — 8(w + 1)] + 3[6(w — 27) + &(w + 27)]

(e) X(jw) as in Figure P4.22(b)
4.23. Consider the signal

_leh 0=r=1
%olt) = {0, elsewhere

Determine the Fourier transform of each of the signals shown in Figure P4.23. You

should be able to do this by explicitly evaluating only the transform of x((7) and
then using properties of the Fourier transform.

x() xo(t)
Xol—Y) %) Xo(t)

—1

K

-1 0 1 t |\ t
—Xo(—t)/
(C)] (b)
X3(t)
Xt +1) x4(t)
0 Xolt) {/2(00)
-1 4] 1 t 0 1 t
(©) d Figure P4.23

4.24. (a) Determine which, if any, of the real signals depicted in Figure P4.24 have
Fourier transforms that satisfy each of the following conditions:
(1) Re{X(jw)} =0
2) Im{X(jw)} = 0 _
(3) There exists a real « such that e/*“ X (jw) is real
@ |7 X(jw)do =0
6) |5 wX(jo)do =0
(6) X(jw) is periodic
(b) Construct a signal that has properties (1), (4), and (5) and does not have the
others.
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o t
x (t)
ANANAANS
*PYVVUVV
(c)
x {t)
14
-2
| 2t
41
(d)
x@) = e 7?2
(e) t

0 t Figure P4.24
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4.25. Let X(jw) denote the Fourier transform of the signal x(¢) depicted in Figure P4.25.
(a) X(jw) can be expressed as A(jw)e/™i»), where A(jw) and ©(jw)
are both real-values. Find ©(jw).
(b) Find X(j0).
(¢) Find [© X(jo)dw.
(d) Evaluate [ " X(jw)322 i dg.
(e) Evaluate [”_ |X(jo)? dw.
(f) Sketch the inverse Fourier transform of Re{X(jw)}.
Note: You should perform all these calculations without explicitly evaluating X(jw).

x (t)

-1 0 1 2 3 t Figure P4.25

4.26. (a) Compute the convolution of each of the following pairs of signals x(r) and h(r)
by calculating X(jw) and H(jw), using the convolution property, and inverse
transforming.

@) x@) = te~2u(t), h(t) = e *u(®)
i) x() = te Yu(t), h(t) = te *u(r)
(iii) x(t) = e "u(®), h(t) = e'u(—1)

(b) Suppose that x(f) = e~ ~Pu(t—2) and h(?) is as depicted in Figure P4.26. Ver-
ify the convolution property for this pair of signals by showing that the Fourier
transform of y(t) = x(¢) * h(r) equals H(jw)X(jw). '

h@

1

r

-1 3 t  Figure P4.26

4.27. Consider the signals
x(t) = u(t — 1) — 2u(t — 2) + u(t — 3)

and

r<l

Xty = > x(t— kD),

k=—=
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where T > 0. Let a, denote the Fourier series coefficients of %(f), and let X(jw)
denote the Fourier transform of x(¢).

(a)
(b)

4.28. (a)

(b)

Determine a closed-form expression for X(jw).
Determine an expression for the Fourier coefficients a; and verify that a; =

-2k
rX(%5%)
Let x(¢) have the Fourier transform X(jw), and let p(z) be periodic with funda-
mental frequency wg and Fourier series representation

+00
PO = > anei™o,

n=—ow
Determine an expression for the Fourier transform of

¥(® = x(@®)p(). (P4.28-1)
Suppose that X(jw) is as depicted in Figure P4.28(a). Sketch the spectrum of
¥(9) in eq. (P4.28-1) for each of the following choices of p(z):
(i) p() = cos(/2)
(ii) p(t) = cost
(iii) p(¢r) = cos2t
@iv) p(®) = (sinf)(sin2¢)
(V) p(t) = cos2t — cost
~vi) p() = >,;2_, 8@ — wn)
(vil) p(5) = 2;°_.8(t — 2mn)
vill) p() = 3.7, 8(t — 4arn)
(x) p() = 372,80 —2am) ~ L5428t — mn)
(x) p(r) = the periodic square wave shown in Figure P4.28(b).

X (joo)

P

AN0AN00000n

]
-3 -2w - - ™ 2% 31 4n S t

o3
o

(®)

Figure P4.28
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4.29. A real-valued continuous-time function x(t) has a Fourier transform X(jw) whose
magnitude and phase are as illustrated in Figure P4.29(a).

The functions x,(t), x5(t), x(2), and x4(¢) have Fourier transforms whose
magnitudes are identical to X(jw), but whose phase functions differ, as shown in
Figures P4.29(b)—(e). The phase functions ¥X,(jw) and <X,(jw) are formed by
adding a linear phase to <X(jw). The function <X (jw) is formed by reflecting
XX (jw) about @ = 0, and LX,(jw) is obtained by a combination of a reflection
and an addition of a linear phase. Using the properties of Fourier transforms, deter-
mine the expressions for x,(?), x5(?), x-(¢), and x4(?) in terms of x(z).

X Gell

<X fjw)

-gF _________________

@

Figure P4.29
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L Xp (jo)
e w/2
//// ////
- - )
- // /// ®
/// //
Slope =b__~ ="
- _“/2 ///
©
L X, (iw)
T2 | e e e e o
w
——————————— ~7/2
(]
L Xq (jw) T
w/2 F’/
__—-—Slope =d
- ®
T —7/2
" (e) Figure P4.29 Continued

4.30. Suppose g(#) = x(t) cost and the Fourier transform of the g(¢) is

oL e =2
Gljw) = [O, otherwise

(a) Determine x(?).
(b) Specify the Fourier transform X, (jw) of a signal x;(¢) such that

g(®) = x1(t)cos (%t)
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4.31. (a) Show that the three LTI systems with impulse responses

h(®) = u(t),
hy(D) = —28(0) + Se”Hu(r),

and
hy(®) = 2te”*u(®)

all have the same response to x(f) = cost.
(b) Find the impulse response of another LTI system with the same response to
cost. ’
This problem illustrates the fact that the response to cos¢ cannot be used to
specify an LTI system uniquely.

4.32. Consider an LTI system S with impulse response

sin(4(t — 1))

MO = ==

Determine the output of S for each of the following inputs:
(@) x,(t) = cos(6r + 7)

®) x2() = > 5_o(3)* sin(3kr)

© x3(0) = sin(4(t+1))

?r(t+ 1)
(d) xu(r) = (S22
4.33. The input and the output of a stable and causal LTI system are related by the dif-
ferential equation

a’y@ty | dy()
ar %74

+ 8y(t) = 2x(¢)

(a) Find the impulse response of this system.
(b) What is the response of this system if x(¢) = te 2 u(t)?
(c) Repeat part (a) for the stable and causal LTI system described by the equation

d*y(t)
dr?

d>x(r)
dr?

+ \/Edz(t’) +y() =2 2x(t)
4.34. A causal and stable LTI system S has the frequency response

.y Jjo+4
H(jw) = 6—wl+5jo
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(a) Determine a differential equation relating the input x(f) and output y(¢) of S.
(b) Determine the impulse response h(f) of S.
(c) What is the output of S when the input is

x() = e *u(t) — te *u(t)?

4.35. In this problem, we provide examples of the effects of nonlinear changes in phase.
(a) Consider the continuous-time LTI system with frequency response
a-— jo

H(jw) = atjo

where a > 0. What is the magnitude of H(jw)? What is <{H(jw)? What is the
impulse response of this system?
(b) Determine the output of the system of part (a) with a = 1 when the input is

cos(t/ \/5) + cost + cos ﬁt.

Roughly sketch both the input and the output.
4.36. Consider an LTI system whose response to the input

x(t) = [e”" + e u@)
is
(&) = [2¢" — 2e™¥u(?).

(a) Find the frequency response of this system.
(b) Determine the system’s impulse response.
(c) Find the differential equation relating the input and the output of this system.

ADVANCED PROBLEMS

4.37. Consider the signal x(¢) in Figure P4.37.
(a) Find the Fourier transform X(jw) of x(¢).
(b) Sketch the signal

He) = x())* > 8(t— 4k).
k=—c
(c) Find another signal g(r) such that g(¢) is not the same as x(¢) and

(1) = gt)y*x > 8(t — 4k).

k=—o
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(d) Argue that, although G(jw) is different from X(jw), G(jZ is Ky = X(jZ i 74 for all
integers k. You should not exphc1tly evaluate G(jw) to answer this questxon

x ()

1

/N

-1 0 +1 t  Figure P4.37

4.38. Let x(¢) be any signal with Fourier transform X(jw). The frequency-shift property
of the Fourier transform may be stated as

. g
e’ x(t) «— X(j(w — wo)).
(a) Prove the frequency-shift property by applying the frequency shift to the anal-
ysis equation

X(jw) = J x(r)e 7 dt.

(b) Prove the frequency-shift property by utilizing the Fourier transform of e/® in
conjunction with the multiplication property of the Fourier transform.

4.39. Suppose that a signal x(¢) has Fourier transform X(jw). Now consider another signal
2(?) whose shape is the same as the shape of X(jw); that is,

g0 = X(jo).

(a) Show that the Fourier transform G(jw) of g() has the same shape as 27 x(—1);
that is, show that

G(jw) = 2mx(—w).
(b) Using the fact that
F(8(t + B)} = /B
in conjunction with the result from part (a), show that
F{e/B"} = 2a 8(w — B).

4.40. Use properties of the Fourier transform to show by induction that the Fourier trans-
form of
n—1k

I e
x(t) = = 1)!e u(t), a>0,
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441.

4.42.

4.43.
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1s
1
(a+ jo)y

In this problem, we derive the multiplication property of the continuous-time Fourier
transform. Let x(¢) and y(¢) be two continuous-time signals with Fourier transforms
X(jw) and Y(jw), respectively. Also, let g(¢) denote the inverse Fourier transform
of 5-{X(jw) * Y(jw)}. -

(a) Show that

+oo0 1 (* )
g = 517—)_]_00 X(j®) [Z—J Y(j(w — 0))e’* dw | db.

T )

(b) Show that
1 i : _ jwt _ Ljot
ﬁj_m Y(j(w — 0))e!* dw = e/ y().
{¢) Combine the results of parts (a) and (b) to conclude that
&) = x(0)y(0).
Let
81(@) = {[cos(won)]x()} * h(t)  and  ga2(t) = {[sin(woD)]x(2)} * h(?),
where
x(t) = Z agel*0
k=—-o

is a real-valued periodic signal and h(t) is the impulse response of a stable LTI
system.
(a) Specify a value for wp and any necessary constraints on H(jw) to ensure that

g1(") = Refas} and 82(t) = Imias).

(b) Give an example of h(f) such that H(jw) satisfies the constraints you specified
in part (a).
Let

sint
g(t) = x(t)cos®t * .
't

Assuming that x(z) is real and X(jw) = O for |w| = 1, show that there exists an
LTI system S such that

s
x(1) — g().
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4.44. The output y(r) of a causal LTI system is related to the input x(7) by the equation

4.45.

4o

DD 4 10y0 = | xtrete ~ e~ x0)

where z(t) = e "u(t) + 3 8(1).

(a) Find the frequency response H(jw) = Y(jw)/X(jw) of this system.

(b) Determine the impulse response of the system. ]

In the discussion in Section 4.3.7 of Parseval’s relation for continuous-time signals,
we saw that

- 2 1 (™. 0
j xR dr = 5 J X(jw)P do.

This says that the total energy of the signal can be obtained by integrating X(w)|?
over all frequencies. Now consider a real-valued signal x(¢) processed by the ideal
bandpass filter H(jw) shown in Figure P4.45. Express the energy in the output sig-
nal y(r) as an integration over frequency of |X( jw)P?. For A sufficiently small so that
|X(jw)| is approximately constant over a frequency interval of width A, show that
the energy in the output y(¢) of the bandpass filter is approximately proportional to
AlX(jwo)P.

On the basis of the foregoing result, A|X(jwo)|? is proportional to the energy
in the signal in a bandwidth A around the frequency w,. For this reason, X(jw) is
often referred to as the energy-density spectrum of the signal x(¢).

X(t) === H(jw) p—>-¥(1)

H(jw)
—{at— ; —{ab—
~w, @ » Figure P4.45
4.46. In Section 4.5.1, we discussed the use of amplitude modulation with a complex

exponential carrier to implement a bandpass filter. The specific system was shown
in Figure 4.26, and if only the real part of f(¢) is retained, the equivalent bandpass
filter is that shown in Figure 4.30.

In Figure P4.46, we indicate an implementation of a bandpass filter using
sinusoidal modulation and lowpass filters. Show that the output y(r) of the sys-
tem is identical to that which would be obtained by retaining only ®Re{f(#)} in Fig-
ure 4.26.
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cos act

| Hy(joo)

x(t) =1 y®)

Hi{jw)

sin wt

Hy(iw)

—uwg wg ® Figure P4.46

4.47. An important property of the frequency response H(jw) of a continuous-time LTI
system with a real, causal impulse response k() is that H(jw) is completely spec-
ified by its real part, Re{H(jw)}. The current problem is concerned with deriving
and examining some of the implications of this property, which is generally referred
to as real-part sufficiency.

(a) Prove the property of real-part sufficiency by examining the signal k.(¢), which
is the even part of h(f). What is the Fourier transform of A.(#)? Indicate how
h(t) can be recovered from h.(z).

(b) If the real part of the frequency response of a causal system is

Re{H(jw)} = cosw,

what is h(r)?

(c) Show that h(t) can be recovered from h,(f), the odd part of h(r), for every
value of 7 except ¢t = 0. Note that if h(f) does not contain any singularities
[6(®), ui(2), ux(2), etc.] at t = O, then the frequency response

+oo

H(jw) = f h(t)e ¥ dt

—%

will not change if A(z) is set to some arbitrary finite value at the single point
t = 0. Thus, in this case, show that H(jw) is also completely specified by its
imaginary part.
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EXTENSION PROBLEMS

4.48. Let us consider a system with a real and causal impulse response h(¢) that does not
have any singularities at t = 0. In Problem 4.47, we saw that either the real or the
imaginary part of H(jw) completely determines H(jw). In this problem we derive
an explicit relationship between Hr(jw) and H(jw), the real and imaginary parts
of H(jw).

(a) To begin, note that since h(?) is causal,

h(t) = h(u(®), ; (P4.48-1)
except perhaps at # = 0. Now, since h(f) contains no singularities at ¢ = 0, the

Fourier transforms of both sides of eq. (P4.48-1) must be identical. Use this
fact, together with the multiplication property, to show that

1 f THGW

H(jw) = il o—n

(P4.48-2)
Use eq. (P4.48-2) to determine an expression for Hr(jw) in terms of H;(jw)
and one for H;(jw) in terms of Hr(jw).

(b) The operation

dr (P4.48-3)

M) ot —T

o= 1[50

is called the Hilbert transform. We have just seen that the real and imaginary
parts of the transform of a real, causal impulse response /(f) can be determined
from one another using the Hilbert transform.

Now consider eq. (P4.48-3), and regard y(?) as the output of an LTI system
with input x(¢). Show that the frequency response of this system is

v _ |-} w>0
(¢) What is the Hilbert transform of the signal x(f) = cos 3¢?

4.49. Let H(jw) be the frequency response of a continuous-time LTI system, and suppose
that H(jw) is real, even, and positive. Also, assume that

max{H(jw)} = H(0).

(a) Show that:
(i) The impulse response, h(t), is real.
(i) max{ja(n)|} = h(0).
Hint: If f(t, w) is a complex function of two variables, then

= J If(t, @) do.

—o0

[ +: ft, w)dow
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(b) One important concept in system analysis is the bandwidth of an LTI system.

There are many different mathematical ways in which to define bandwidth,
but they are related to the qualitative and intuitive idea that a system with fre-
quency response G(jw) essentially “stops” signals of the form e/’ for values of
@ where G(jw) vanishes or is small and “passes” those complex exponentials
in the band of frequency where G(jw) is not small. The width of this band is the
bandwidth. These ideas will be made much clearer in Chapter 6, but for now we
will consider a special definition of bandwidth for those systems with frequency
responses that have the properties specified previously for H(jw). Specifically,
one definition of the bandwidth B,, of such a system is the width of the rect-
angle of height H(jO) that has an area equal to the area under H(jw). This is
illustrated in Figure P4.49(a). Note that since H(j0) = max,, H(jw), the fre-
quencies within the band indicated in the figure are those for which H(jw) is
largest. The exact choice of the width in the figure is, of course, a bit arbitrary,
but we have chosen one definition that allows us to compare different systems
and to make precise a very important relationship between time and frequency.
What is the bandwidth of the system with frequency response

1, |w|<W‘)

H(j“’)Z{o, o] > W

Area of rectangle =
area under H{jw)

@ Figure P4.49a

(c) Find an expression for the bandwidth B,, in terms of H(jw).
(d) Let s(¢) denote the step response of the system set out in part (a). An important

measure of the speed of response of a system is the rise time, which, like the
bandwidth, has a qualitative definition, leading to many possible mathematical
definitions, one of which we will use. Intuitively, the rise time of a system is a
measure of how fast the step response rises from zero to its final value,

s(o) = ’lim s(1).

Thus, the smaller the rise time, the faster is the response of the system. For the
system under consideration in this problem, we will define the rise time as

g = 5
"7 ROy
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Since
s'(t) = hQ),

and also because of the property that #(0) = max, h(?), ¢, is the time it would
take to go from zero to s(c°) while maintaining the maximum rate of change of
s(?). This is illustrated in Figure P4.49(b).

Find an expression for ¢, in terms of H(jw).

() Figure P4.49b

(e) Combine the results of parts (c) and (d) to show that
B,t, = 2m. (P4.49-1)

Thus, we cannot independently specify both the rise time and the bandwidth of
our system. For example, eq. (P4.49—1) implies that, if we want a fast system (,
small), the system must have a large bandwidth. This is a fundamental trade-off
that is of central importance in many problems of system design.

4.50. In Problems 1.45 and 2.67, we defined and examined several of the properties and
uses of correlation functions. In the current problem, we examine the properties of
such functions in the frequency domain. Let x(f) and y(f) be two real signals. Then
the cross-correlation function of x(¢) and y(¢) is defined as

+o
bxy() = J x(t + T)y(r)dT.
Similarly, we can define ¢, (r), P«(t), and ¢y, (7). [The last two of these are called
the autocorrelation functions of the signals x(¢) and y(#), respectively.] Let @,,(jw),
D, (jw), Pix(jw), and Dy, (jw) denote the Fourier transforms of ¢, (1), ¢y (1),
bxx(2), and Py, (1), respectively.
(a) What is the relationship between ®,,(jw) and @y, (jw)?
(b) Find an expression for ®,,(jw) in terms of X(jw) and Y(jw).
(¢) Show that ®,,(jw) is real and nonnegative for every w.
(d) Suppose now that x(¢) is the input to an LTI system with a real-valued impulse
response and with frequency response H(jw) and that y(¢) is the output. Find
expressions for ®,(jw) and ®,,(jw) in terms of @, (jw) and H(jw).
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(e) Let x(¢) be as is illustrated in Figure P4.50, and let the LTI system impulse
response be A(r) = e~ “u(r), a > 0. Compute @, (jw), ®,,(jw), and ,,(jw)
using the results of parts (a)—(d).

(D Suppose that we are given the following Fourier transform of a function ¢(z):

w? + 100

P(jw) = o5

Find the impulse responses of two causal, stable LTI systems that have autocor-
relation functions equal to ¢(7). Which one of these has a-¢ausal, stable inverse?

x(t)

1 —n —

0] 1t Figure P4.50

4.51. (a) Consider two LTI systems with impulse responses h(t) and g(¢), respectively,
and suppose that these systems are inverses of one another. Suppose also that the
systems have frequency responses denoted by H(jw) and G(jw), respectively.
What is the relationship between H(jw) and G(jw)?

(b) Consider the continuous-time LTI system with frequency response

o1, 2<w| <3
H(jo) = {0, otherwise

(i) Is it possible to find an input x(z) to this system such that the output is as
depicted in Figure P4.50? If so, find x(¢). If not, explain why not.
(ii) Is this system invertible? Explain your answer.

(¢) Consider an auditorium with an echo problem. As discussed in Problem 2.64,
we can model the acoustics of the auditorium as an LTI system with an im-
pulse response consisting of an impulse train, with the kth impulse in the train
corresponding to the kth echo. Suppose that in this particular case the impulse
response is

h(t) = > e T 8(t — kT),

k=0

where the factor e %7 represents the attenuation of the kth echo.

In order to make a high-quality recording from the stage, the effect of the
echoes must be removed by performing some processing of the sounds sensed
by the recording equipment. In Problem 2.64, we used convolutional techniques
to consider one example of the design of such a processor (for a different acous-
tic model). In the current problem, we will use frequency-domain techniques.
Specifically, let G(jw) denote the frequency response of the LTI system to be
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4.52.

@

(e)

used to process the sensed acoustic signal. Choose G(jw) so that the echoes are
completely removed and the resulting signal is a faithful reproduction of the
original stage sounds. ‘

Find the differential equation for the inverse of the system with impulse re-
sponse

h(t) = 28() + uy(2).

Consider the LTT system initially at rest and described by the differential equa-
tion
2y | dy(®) | oo _ X)L dx(@)
dt2 + 67 + 9y(t) = dt2 +3 dt + 2.X(t).

The inverse of this system is also initially at rest and described by a differen-
tial equation. Find the differential equation describing the inverse, and find the
impulse responses h(r) and g(z) of the original system and its inverse.

Inverse systems frequently find application in problems involving imperfect mea-
suring devices. For example, consider a device for measuring the temperature of a
liquid. It is often reasonable to model such a device as an LTI system that, because
of the response characteristics of the measuring element (e.g., the mercury in a ther-
mometer), does not respond instantaneously to temperature changes. In particular,
assume that the response of this device to a unit step in temperature is

(a)

(b)

(©

s@) = (1 — e Pyu@). (P4.52-1)

Design a compensatory system that, when provided with the output of the mea-
suring device, produces an output equal to the instantaneous temperature of the
liquid.

One of the problems that often arises in using inverse systems as compensators
for measuring devices is that gross inaccuracies in the indicated temperature
may occur if the actual output of the measuring device produces errors due to
small, erratic phenomena in the device. Since there always are such sources
of error in real systems, one must take them into account. To illustrate this,
consider a measuring device whose overall output can be modeled as the sum
of the response of the measuring device characterized by eq. (P4.52-1) and
an interfering “noise” signal n(r). Such a model is depicted in Figure P4.52(a),
where we have also included the inverse system of part (a), which now has as its
input the overall output of the measuring device. Suppose that n(t) = sinwt.
What is the contribution of n(¢) to the output of the inverse system, and how
does this output change as w is increased?

The issue raised in part (b) is an important one in many applications of LTI
system analysis. Specifically, we are confronted with the fundamental trade-
off between the speed of response of the system and the ability of the system
to attenuate high-frequency interference. In part (b) we saw that this trade-
off implied that, by attempting to speed up the response of a measuring device
(by means of an inverse system), we produced a system that would also amplify
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l Actual measuring device : .
! : |
: LTI model of : Inverse <ystem
=—b-| measuring device } > tt: LTI model |
| s)=(1—-e B uw) | of measuring >
| | device
|
(a)
Ir T n{t) :
| i .
—dp Perfecdterci?;sunng + Il ».| Compensating |
: s(t) = u) | system >
|
. S |
)
Figure P4.52

corrupting sinusoidal signals. To illustrate this concept further, consider a mea-
suring device that responds instantaneously to changes in temperature, but that
also is corrupted by noise. The response of such a system can be modeled, as
depicted in Figure P4.52(b), as the sum of the response of a perfect measuring
device and a corrupting signal n(r). Suppose that we wish to design a compen-
satory system that will slow down the response to actual temperature variations,
but also will attenuate the noise n(z). Let the impulse response of this system
be

h(t) = ae”"u(r).

Choose a so that the overall system of Figure P4.52(b) responds as quickly
as possible to a step change in temperature, subject to the constraint that the
amplitude of the portion of the output due to the noise n(¢) = sin 61 is no larger
than 1/4.

4.53. As mentioned in the text, the techniques of Fourier analysis can be extended to
signals having two independent variables. As their one-dimensional counterparts do
in some applications, these techniques play an important role in other applications,
such as image processing. In this problem, we introduce some of the elementary
ideas of two-dimensional Fourier analysis.

Let x(#y, 1) be a signal that depends upon two independent variables 7, and
t>. The two-dimensional Fourier transform of x(t), 1) is defined as

+00 [ 450
X(jwi, jwr) =J J x(ty, e et gpy dr,.

—oc —c

(a) Show that this double integral can be performed as two successive one-
dimensional Fourier transforms, first in 7 with #, regarded as fixed and then
in ;.
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(b) Use the result of part (a) to determine the inverse transform—that is, an expres-
sion for x(¢y, £2) in terms of X(jw,, jw2).

(¢) Determine the two-dimensional Fourier transforms of the following signals:
() x(t1, 1) = e™"*22u(t — Du@ — 1)

@) x(t1, ) = [e""'-"zl, if-1<n <lamd-1=n=1

0, otherwise
@) x(t1, 1) = e~Ii-lal - §f Q s.tl = 1lor0 = t, = 1 (or both)
0, otherwise

@iv) x(t), 1») as depicted in Figure P4.53.
(v) e In+nl-ln-nl

t;

x(ty, tz) =1 in shaded area
and O outside

Figure P4.53

(d) Determine the signal x(¢;, #;) whose two-dimensional Fourier transform is

2w
4 + jw1

X(jor, jw2) = 0wz — 2wy).

(e) Let x(t;, t2) and h(ty, ) be two signals with two-dimensional Fourier trans-
forms X(jw|, jw;) and H(jw,, jw2), respectively. Determine the transforms
of the following signals in terms of X(jw, jw;) and H(jw,, jo3):

@ x(t — T, —T2)
(i) x(an, bry)
(i) y(t1. 1) = |22 [0 x(n, mh(h — 7,0 — m)dnd T



