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6.6.2 Second-Order Discrete-Time Systems
Consider next the second-order causal LTI system described by
y[n] — 2rcos@y[n — 1] + rryln — 2] = x[n],

withO < r<1and 0 = @ = 7. The frequency response for this system is
1
1 —2rcosfe i@ + r2e=j2’
The denominator of H(e/) can be factored to obtain
1
(1 — (re/®)e J@][1 — (re"1%)e~ i

H(e/®) =

H(ej'”) =

465

(6.57)

(6.58)

(6.59)
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For 6 # 0 or 7, the two factors in the denominator of H(e/®) are different, and a partial-
fraction expansion yields

A B

He™) = 1 — (reif)eJjo M 1= (re=i9)eJjo’ (6.60)
where
el e /0
= 3jsing’ B = Zjsing’ (6.61)
In this case, the impulse response of the system is
hln] = [A(re’®)" + B(re™7%)"Ju[n}
_ pSinln+ DO] (6.62)

sin@
For@ = 0 or m, the two factors in the denominator of €q. (6.58) are the same. When 6 = 0,
1

H(e!?) = m (6.63)
and
h{n] = (n + 1yr"u[n]. (6.64)
When 6§ = =,
H(e™) = m (6.65)
and
h[n] = (n + 1)(—r)"u[n]. (6.66)

The impulse responses for second-order systems are plotted in Figure 6.29 for a range
of values of r and 6. From this figure and from eq. (6.62), we see that the rate of decay of
h[n] is controlled by r—i.e., the closer r is to 1, the slower is the decay in A[n]. Similarly,
the value of 6 determines the frequency of oscillation. For example, with = 0 there is
no oscillation in A[n], while for 8 = 7 the oscillations are rapid. The effect of different
values of r and 6 can also be seen by examining the step response of €q. (6.57). For 6 = 0

or 1,
1-— (rejo)n+l 1- (re—j(f)n-!-l

Also, using the result of Problem 2.52, we find that for 8 = 0,

1 _ r
-1 (=192

sln] = [ "+ (n+ 1);-"}14[;1], (6.68)

while for @ =

1 N r
(r+1)2  (r+1)

sln] = [ -+ " (n+ 1)(—r)"]u[n]. (6.69)
r+1

The step response is plotted in Figure 6.30, again for a range of values of r and 6.



eea—

S
I
EE

@
Il
Vi)

Sec. 6.6 First-Order and Second-Order Discrete-Time Systems 467
1 ‘1 _§
r=z F—2 I’—4
r=% r=1§
1 I]I 9=0 1 ﬂh]h 8=0
0 0 n
r=% r:% rz%
1 1 1
] 0=7 h' 0=7 0=3
[, . oy
0 0 n 0 n
_1 -1 _3
=3 =3 r=3%
1 ] 1
o ol n ol ! n
1 1 3
r=3 =3 r=3
[3 ]‘- ] I l‘l-
ol o] n ol I n
1 -1 3
|'=Z r~2 r=Z
lr II R [hfx'u""
[’ Bl n 0 H “ll n
Figure 6.29 Impulse response of the second-order system of eq. (6.57) for a range

of values of r and 6.

The second-order system given by eq. (6.57) is the counterpart of the underdamped
second-order system in continuous time, while the special case of 6 = 0 is the critically
damped case. That is, for any value of 8 other than zero, the impulse response has a damped
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Figure 6.30 _ Step response of the second-order system of eq. (6.57) for a range of

values of r and 4.
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oscillatory behavior, and the step response exhibits ringing and overshoot. The frequency
response of this system is depicted in Figure 6.31 for a number of values of r and 6. From
Figure 6.31, we see that a band of frequencies is amplified , and r determines how sharply
peaked the frequency response is within this band.

As we have just seen, the second-order system described in eq. (6.59) has factors
with complex coefficients (unless @ = 0 or ). It is also possible to consider second-order
systems having factors with real coefficients. Specifically, consider

1
( —die )1 — dye—i®y
where dy and d, are both real numbers with |d;|, |d2| < 1. Equation (6.70) is the frequency
response for the difference equation

H(e™) =

(6.70)

20 logyg [H(e™)|

Figure 6.31 Magnitude and phase of the frequency response of the
second-order system of eq. (6.57): (@) @ = 0; (b) 8 = =/4; (c) 6 = =/2;
(d) & = 3u/4; (€) 6 = =. Each plot contains curves corresponding to
r=1/4,1/2, and 3/4.
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yln] = (@i + dp)yln — 1] + didyyln = 2] = x[n].

In this case,

. A B

joy —

H(e™®) 1 —deio + 1 — dye Jiw’
where
dl d2
= —— B = —

A dy—dy dr, — d,

Thus,

h[n] = [Ad" + Bd}u[n],

2w

Chap. 6

6.71)

(6.72)

(6.73)

(6.74)
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which is the sum of two decaying real exponentials. Also,

1—dpt! 1—dy!

s[n] = [A <_1——T)+ B (?dz—)] ufn]. (6.75)
The system with frequency response given by eq. (6.70) corresponds to the cascade
of two first-order systems. Therefore, we can deduce most of its properties from our un-
derstanding of the first-order case. For example, the log-magnitude and phase plots for eq.
(6.70) can be obtained by adding together the plots for each of the two first-order terms.
Also, as we saw for first-order systems, the response of the system is fast if |d;| and |d5|
are small, but the system has a long settling time if either of these magnitudes is near 1.
Furthermore, if d| and d, are negative, the response is oscillatory. The case when both d
and d, are positive is the counterpart of the overdamped case in continuous time, with the

impulse and step responses settling without oscillation.
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In this section, we have restricted attention to those causal first- and second-order
systems that are stable and for which the frequency response can be defined. In particular,
the causal system described by eq. (6.51) is unstable for | a | = 1. Also, the causal system
described by eq. (6.56) is unstable if r = 1, and that described by eq. (6.71) is unstable
if either | d, | or | d» | exceeds 1.

6.7 EXAMPLES OF TIME- AND FREQUENCY-DOMAIN ANALYSIS OF SYSTEMS

Throughout this chapter, we have illustrated the importance of viewing systems in both the
time domain and the frequency domain and the importance of being aware of trade-offs in
the behavior between the two domains. In this section, we illustrate some of these issues
further. In Section 6.7.1, we discuss these trade-offs for continuous time in the context
of an automobile suspension system. In Section 6.7.2, we discuss an important class of
discrete-time filters referred to as moving-average or nonrecursive systems.
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6.7.1 Analysis of an Automobile Suspension System

A number of the points that we have made concerning the characteristics and trade-offs
in continuous-time systems can be illustrated in the interpretation of an automobile sus-
pension system as a lowpass filter. Figure 6.32 shows a diagrammatic representation of a
simple suspension system comprised of a spring and dashpot (shock absorber). The road
surface can be thought of as a superposition of rapid small-amplitude changes in elevation
(high frequencies), representing the roughness of the road surface, and gradual changes
in elevation (low frequencies) due to the general topography. The automobile suspension
system is generally intended to filter out rapid variations in the ride caused by the road
surface (i.e., the system acts as a lowpass filter).

The basic purpose of the suspension system is to provide a smooth ride, and there is
no sharp, natural division between the frequencies to be passed and those to be rejected.
Thus, it is reasonable to accept and, in fact, prefer a lowpass filter that has a gradual
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y(t) +yo
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elevation

Figure 6.32 Diagrammatic representation of an automotive suspension
system. Here, y, represents the distance between the chassis and the road
surface when the automobile is at rest, y(t) + y, the position of the chassis
above the reference elevation, and x(t) the elevation of the road above the
reference elevation.

transition from passband to stopband. Furthermore, the time-domain characteristics of the
system are important. If the impulse response or step response of the suspension system
exhibits ringing, then a large bump in the road (modeled as an impulse input) or a curb
(modeled as a step input) will result in an uncomfortable oscillatory response. In fact, a
common test for a suspension system is to introduce an excitation by depressing and then
releasing the chassis. If the response exhibits ringing, it is an indication that the shock
absorbers need to be replaced.

Cost and ease of implementation also play an important role in the design of au-
tomobile suspension systems. Many studies have been carried out to determine the most
desirable frequency-response characteristics for suspension systems from the point of view
of passenger comfort. In situations where the cost may be warranted, such as for passenger
railway cars, intricate and costly suspension systems are used. For the automotive indus-
try, cost is an important factor, and simple, less costly suspension systems are generally
used. A typical automotive suspension system consists simply of the chassis connected to
the wheels through a spring and a dashpot.

In the diagrammatic representation in Figure 6.32, y, represents the distance be-
tween the chassis and the road surface when the automobile is at rest, y(7) + yo the position
of the chassis above the reference elevation, and x(¢) the elevation of the road above the
reference elevation. The differential equation governing the motion of the chassis is then

2
ddf 0, bd—(yi(t-’—) + ky(t) = kx(r) + bd;y),
where M is the mass of the chassis and k and b are the spring and shock absorber constants,
respectively. The frequency response of the system is

k+bjw
(Jo¥M + b(jw) + &

M

(6.76)

H(jw) =

or

w2 + Aw,(jw)
() + 2w, (jo) + 02’

H(jw) = (6.77)
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' [k - b
w, = A_l and 2{0)"=H.

As in Section 6.5.2, the parameter w,, is referred to as the undamped natural frequency and
{ as the damping ratio. A Bode plot of the log magnitude of the frequency response in eq.
(6.77) can be constructed by using first-order and second-order Bode plots. The Bode plot
for eq. (6.77) is sketched in Figure 6.33 for several different values of the damping ratio.
Figure 6.34 illustrates the step response for several different values of the damping ratio.
As we saw in Section 6.5.2, the filter cutoff frequency is controlled primarily through
wy, or equivalently for a chassis with a fixed mass, by an appropriate choice of spring
constant k. For a given w,,, the damping ratio is then adjusted through the damping factor b
associated with the shock asorbers. As the natural frequency w,, is decreased, the suspen-
sion will tend to filter out slower road variations, thus providing a smoother ride. On the
other hand, we see from Figure 6.34 that the rise time of the system increases, and thus the
system will feel more sluggish. On the one hand, it would be desirable to keep w, small to
improve the lowpass filtering; on the other hand, it would be desirable to have w,, large for
arapid time response. These, of course, are conflicting requirements and illustrate the need
for a trade-off between time-domain and frequency-domain characteristics. Typically, a
suspension system with a low value of w,, so that the rise time is long, is characterized
as “soft” and one with a high value of @, so that the rise time is short, is characterized as
“hard.” From Figures 6.33 and 6.34, we observe also that, as the damping ratio decreases,
the frequency response of the system cuts off more sharply, but the overshoot and ring-
ing in the step response tend to increase, another trade-off between the time and frequency

where

20L {=0.05

0dB =0

20 logg |H(jw)|
U
il

|
N
o

T

—40

1
[ 10w,

Frequency

Figure 6.33 Bode plot for the magnitude of the frequency response of the
automobile suspension system for several values of the damping ratio.
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s(t)

Figure 6.34 Step response of the automotive suspension system for vari-
ous values of the damping ratio ( = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9,
1.0, 1.2, 1.5, 2.0, 5.0).

domains. Generally, the shock absorber damping is chosen to have a rapid rise time and
yet avoid overshoot and ringing. This choice corresponds to the critically damped case,
with { = 1.0, considered in Section 6.5.2.

6.7.2 Examples of Discrete-Time Nonrecursive Filters

In Section 3.11, we introduced the two basic classes of LTT filters described by difference
equations, namely, recursive or infinite impulse response (IIR) filters and nonrecursive or
finite impulse response (FIR) filters. Both of these classes of filters are of considerable
importance in practice and have their own advantages and disadvantages. For example,
recursive filters implemented as interconnections of the first- and second-order systems
described in Section 6.6 provide a flexible class of filters that can be easily and efficiently
implemented and whose characteristics can be adjusted by varying the number and the
parameters of each of the component first- and second-order subsystems. On the other
hand, as shown in Problem 6.64, it is not possible to design a causal, recursive filter with
exactly linear phase, a property that we have seen is often desirable since, in that case, the
effect of the phase on the output signal is a simple time delay. In contrast, as we show in this
section, nonrecursive filters can have exactly linear phase. However, it is generally true that
the same filter specifications require a higher order equation and hence more coefficients
and delays when implemented with a nonrecursive equation, compared with a recursive
difference equation. Consequently, for FIR filters, one of the principal trade-offs between
the time and frequency domains is that increasing the flexibility in specifying the frequency
domain characteristics of the filter, including, for example, achieving a higher degree of
frequency selectivity, requires an FIR filter with an impulse response of longer duration.
One of the most basic nonrecursive filters, introduced in Section 3.11.2, is the
moving-average filter. For this class of filters, the output is the average of the values of
the input over a finite window:
M
> xln—kl. (6.78)

=-N

[]——1_._
yn —N+M+1k
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The corresponding impulse response is a rectangular pulse, and the frequency response is

L jeiv-myn Sinlo(M + N + 1)12]

jw = ——
™) = a1 sin(@/2)

(6.79)

In Figure 6.35, we show the log magnitude for M + N+1 = 33and M +N+1 = 65. The
main, center lobe of each of these frequency responses corresponds to the effective pass-
band of the corresponding filter. Note that, as the impulse response increases in length, the
width of the main lobe of the magnitude of the frequency response decreases. This provides
another example of the trade-off between the time and frequency domains. Specifically,
in order to have a narrower passband, the filter in egs. (6.78) and (6.79) must have a
longer impulse response. Since the length of the impulse response of an FIR filter has a
direct impact on the complexity of its implementation, this implies a trade-off between
frequency selectivity and the complexity of the filter, a topic of central concern in filter
design.

Moving-average filters are commonly applied in economic analysis in order to at-
tenuate the short-term fluctuations in a variety of economic indicators in relation to longer
term trends. In Figure 6.36, we illustrate the use of a moving-average filter of the form of
eq. (6.78) on the weekly Dow Jones stock market index for a 10-year period. The weekly
Dow Jones index is shown in Figure 6.36(a). Figure 6.36(b) is a 51-day moving aver-
age (i.e., N = M = 25) applied to that index, and Figure 6.36(c) is a 201-day moving
average (i.e., N = M = 100) applied to the index. Both moving averages are considered
useful, with the 51-day average tracking cyclical (i.e., periodic) trends that occur during
the course of the year and the 201-day average primarily emphasizing trends over a longer
time frame.

The more general form of a discrete-time nonrecursive filter is

M

yln] = Z byx[n — k], (6.80)

K=—N

so that the output of this filter can be thought of as a weighted average of N + M + 1
neighboring points. The simple moving-average filter in eq. (6.78) then corresponds to
setting all of these weights to the same value, namely, 1/(N +M +1). However, by choosing
these coefficients in other ways, we have considerable flexibility in adjusting the filter’s
frequency response.

There are, in fact, a variety of techniques available for choosing the coefficients in
eq. (6.80) so as to meet certain specifications on the filter, such as sharpening the transition
band as much as possible for a filter of a given length (i.e., for N+M+1 fixed). These pro-
cedures are discussed in detail in a number of texts,? and although we do not discuss the
procedures here, it is worth emphasizing that they rely heavily on the basic concepts and
tools developed in this book. To illustrate how adjustment of the coefficients can influence

3See, for example, R. W. Hamming, Digital Filters, 3rd ed. (Englewood Cliffs, NJ: Prentice-Hall, Inc.,
1989); A. V. Oppenheim and R. W. Schafer, Discrete-Time Signal Processing (Englewood Cliffs, NJ: Prentice-
Hall, Inc., 1989); and L. R. Rabiner and B. Gold, Theory and Application of Digital Signal Processing (Engle-
wood Cliffs, NJ: Prentice-Hall, Inc., 1975).



478 Time and Frequency Characterization of Signals and Systems Chap. 6

oadB| ' (,\ 1
= o)) Y M Y
2
I
g,c-’ (a)
Q —80f R
-1201 E
- —7/2 0 w2 ™
w
0dBt g
| {\
= —40 1Y
2
x
2 (b)
g
b —-80
-120
- - —w/2 0 w2 T

Figure 6.35 Log-magnitude plots for the moving-average filter of eqgs.
(6.78) and (6.79) for Q) M+ N+ 1 =33and b) M+ N + 1 = 65.

the response of the filter, let us consider a filter of the form of eq. (6.80), withN = M = 16
and the filter coefficients chosen to be

sin(27k/33)

= ’

by = — k| =32 6.81)
0, |k| > 32

i et —i . ot o .
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Figure 6.36 Effect of lowpass fil-
tering on the Dow Jones weekly stock
market index over a 10-year period
using moving-average filters: (a) weekly
index; (b) 51-day moving average ap-
plied to (a); (c) 201-day moving
average applied to (a). The weekly
stock market index and the two moving
averages are discrete-time sequences.
For clarity in the graphical display,

the three sequences are shown here
with their individual values connected
by straight lines to form a continuous
curve.
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The impulse response of the filter is

sin(2n/33)
hin) ={ — > Il =32 (6.82)
0, | > 32

Comparing this impulse response with eq. (6.20), we see that eq. (6.82) corresponds to
truncating, for |n| > 32, the impulse response for the ideal lowpass filter with cutoff fre-
quency w, = 2m/33. :

In general, the coefficients b can be adjusted so that the cutoff is at a desired fre-
quency. For the example shown in Figure 6.37, the cutoff frequency was chosen to match
approximately the cutoff frequency of Figure 6.35 for N = M = 16. Figure 6.37(a) shows
the impulse response of the filter, and Figure 6.37(b) shows the log magnitude of the fre-
quency response in dB. Comparing this frequency response to Figure 6.35, we observe
that the passband of the filter has approximately the same width, but that the transition to

h[n]
2
33
I n
@
20 T T T T T T T
0 dB
5
2
I -20
=
8
= —-40
o
N
-60
-80 1 i 1 i
_T. _3=m _m o 0 i ut 3m T
4 16 8 16 ® 16 8 16 4

(0)

Figure 6.37 (a) Impulse response for the nonrecursive filter of eq. (6.82);
(b) log magnitude of the frequency response of the filter.
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the stopband is sharper. In Figures 6.38(a) and (b), the magnitudes (on a linear amplitude
scale) of the two filters are shown for comparison. It should be clear from the compari-
son of the two examples that, by the intelligent choice of the weighting coefficients, the
transition band can be sharpened. An example of a higher order lowpass filter (N = M =
125), with the coefficients determined through a numerical algorithm referred to as the
Parks-McClellan algorithm,* is shown in Figure 6.39. This again illustrates the trade-off
between the time and frequency domains: If we increase the length N + M + 1 of a filter,
then, by a judicious choice of the filter coefficients in eq. (6.80), we can achieve sharper
transition band behavior and a greater degree of frequency selectivity.

An important property of the examples we have given is that they all have zero or lin-
ear phase characteristics. For example, the phase of the moving-average filter of eq. (6.79)
is w[(N — M)/2]. Also, since the impulse response in eq. (6.82) is real and even, the im-
pulse response of the filter described by that equation is real and even, and thus has zero
phase. From the symmetry properties of the Fourier transform of real signals, we know
that any nonrecursive filter with an impulse response that is real and even will have a
frequency response H(e/*) that is real and even and, consequently, has zero phase. Such a
filter, of course, is noncausal, since its impulse response #[n] has nonzero values for n < 0.
However, if a causal filter is required, then a simple change in the impulse response can
achieve this, resulting in 4 system with linear phase. Specifically, since A[n} is the impulse
response of an FIR filter, it is identically zero outside a range of values centered at the origin

|H(e™)|
[G]
(a)
[H(e!)|
Figure 6.38 Comparison, on a
linear amplitude scale, of the frequency
@ responses of (a) Figure 6.37 and
(b) (b) Figure 6.35.

4A. V. Oppenheim and R. W. Schafer, Discrete-Time Signal Processing (Englewood Cliffs, NJ: Prentice-
Hall, Inc., 1989), Chap. 7.
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Figure 6.39 Lowpass nonrecursive filter with 251 coefficients designed to obtain the
sharpest possible cutoff.

(i.e., h{n] = O for all |n| > N). If we now define the nonrecursive LTI system resulting
from a simple N-step delay of h[n], i.e.,

hi[n] = hln — N}, (6.83)

then k;[n] = Ofor all n < O, so that this LTI system is causal. Furthermore, from the time-
shift property for discrete-time Fourier transforms, we see that the frequency response of

the system is
Hy(e/®) = H(ei®)e IV, (6.84)

Since H(e/®) has zero phase, H,(e/“) does indeed have linear phase.

6.8 SUMMARY

In this chapter, we have built on the foundation of Fourier analysis of signals and systems
developed in Chapters 3-5 in order to examine in more detail the characteristics of LTI
systems and the effects they have on signals. In particular, we have taken a careful look at
the magnitude and phase characteristics of signals and systems, and we have introduced
log-magnitude and Bode plots for LTI systems. We have also discussed the impact of
phase and phase distortion on signals and systems. This examination led us to understand
the special role played by linear phase characteristics, which impart a constant delay at all
frequencies and which, in turn, led to the concept of nonconstant group delay and disper-
sion associated with systems having nonlinear phase characteristics. Using these tools and
insights, we took another look at frequency-selective filters and the time-frequency trade-
offs involved. We exarnined the properties of both ideal and non-ideal frequency-selective
filters and saw that time-frequency considerations, causality constraints, and implemen-
tation issues frequently make non-ideal filters, with transition bands and tolerance limits
in the passbands and stopbands, the preferred choice.
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We also examined in detail the time-frequency characteristics of first- and second-
order systems in both continuous and discrete time. We noted in particular the trade-off
between the response time of these systems and the frequency-domain bandwidth. Since
first- and second-order systems are the building blocks for more complex, higher order LTI
systems, the insights developed for those basic systems are of considerable use in practice.

Finally, we presented several examples of LT1 systems in order to illustrate many of
the points developed in the chapter. In particular, we examined a simple model of an auto-
mobile suspension system to provide a concrete example of the time-response—frequency-
response concerns that drive system design in practice. We also considered several
examples of discrete-time nonrecursive filters, ranging from simple moving-average
filters to higher order FIR filters designed to have enhanced frequency selectivity. We
saw, in addition, that FIR filters can be designed so as to have exactly linear phase. These
examples, the development of the tools of Fourier analysis that preceded them, and the
insights those tools provide illustrate the considerable value of the methods of Fourier
analysis in analyzing and designing LTI systems.

Chapter 6 Problems

The first section of problems belongs to the basic category, and the answers are pro-
vided in the back of the book. The remaining two sections contain problems belonging to
the basic and advanced categories, respectively.

BASIC PROBLEMS WITH ANSWERS

6.1. Consider a continuous-time LTI system with frequency response H(jw) =
|H(jw)| e/ ¥HU®) and real impulse response h(f). Suppose that we apply an input
x(f) = cos(wot + o) to this system. The resulting output can be shown to be of the
form

y(t) = Ax(t — o),

where A is a nonnegative real number representing an amplitude-scaling factor and
fo is a time delay.
(a) Express A in terms of [H(jwo)|.
(b) Express #g in terms of <H (jwo).

6.2. Consider a discrete-time LTI system with frequency response H(e/*) =
|H(e/*)|e/ ¥’} and real impulse response h[n]. Suppose that we apply the input
x[n] = sin(won + ¢p) to this system. The resulting output can be shown to be of
the form

yln) = |H(e’")|x[n — no),

provided that <H (e/v) and w) are related in a particular way. Determine this rela-
tionship.

6.3. Consider the following frequency response for a causal and stable LTI system:
11— jo

H(jw) = 1 o
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6.5.

6.6.

6.7.
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(a) Show that |H(jw)| = A, and determine the value of A.

(b) Determine which of the following statements is true about 7(w), the group delay
of the system. (Note: T(w) = —d(<LH(jw))/dw, where <{H (jw) is expressed
in a form that does not contain any discontinuities.)

1. 7(w) = O0forw >0
2. Mw)>0forw >0
3. Mw)<Oforw >0 .

Consider a linear-phase discrete-time LTI system with frequency response H(e'*)

and real impulse response k[n]. The group delay function for such a system is

defined as d )
=—-_ jo
T(w) Jo <H(e!?),

where < H(e/*) has no discontinuities. Suppose that, for this system,

|H(e/™)| = 2, ¥H(e®) = 0, and T<g) =2

Determine the output of the system for each of the following inputs:
(a) cos(Zn) () sin(ZZn+ )

Consider a continuous-time ideal bandpass filter whose frequency response is
o1, e = o] =30,
H{jo) = { 0, elsewhere
(a) If h(z) is the impulse response of this filter, determine a function g(z) such that
sinw.t
h@) = |[——— .
O] ( - )g(t)

(b) Asw, isincreased, does the impulse response of the filter get more concentrated
or less concentrated about the origin?

Consider a discrete-time ideal highpass filter whose frequency response is specified
as

i , m—w,<lw|=mw
joy — s c
H(™) {0, lw| <7 — w,

(a) If h[n] is the impulse response of this filter, determine a function g[n] such that

hin] = (S‘““’”")g[nl.

mn

(b) Asw, isincreased, does the impulse response of the filter get more concentrated
or less concentrated about the origin?

A continuous-time lowpass filter has been designed with a passband frequency of
1,000 Hz, a stopband frequency of 1,200 Hz, passband ripple of 0.1, and stopband
ripple of 0.05. Let the impulse response of this lowpass filter be denoted by A(¢). We
wish to convert the filter into a bandpass filter with impulse response

g(®) = 2h(t) cos(4,00071).
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6.8.

6.9.

6.10.

6.11.

Assuming that [H(jw)] is negligible for jw| > 4,000, answer the following ques-

tions:

(a) If the passband ripple for the bandpass filter is constrained to be 0.1, what are
the two passband frequencies associated with the bandpass filter?

(b) If the stopband ripple for the bandpass filter is constrained to be 0.05, what are
the two stopband frequencies associated with the bandpass filter?

A causal, nonideal lowpass filter is designed with frequency response H(e/*). The
difference equation relating the input x[n] and output y[n] fot this filter is specified
as .

N M
yin] = Z ayyln — k} + Z byx[rn — k).
k=1 k=0

The filter also satisfies the following specifications for the magnitude of its fre-
quency response:

passband frequency = w),

passband tolerance = 6,
stopband frequency = wy,
stopband tolerance = §;.

Now consider a causal LTI system whose input and output are related by the differ-
ence equation

N M
yinl = > (~=Draryln — k) + > (= 1*byxln — k).
k=1 k=0

Show that this filter has a passband with a tolerance of 8,, and specify the corre-
sponding location of the passband.

Consider a continuous-time causal and stable LTI system whose input x(¢) and out-
put y(¢) are related by the differential equation
dy(1)
——= + 5y(t) = 2x(p).
i y(®) = 2x(t)
What is the final value s(0) of the step response s(¢) of this filter? Also, determine
the value of ¢y for which

s(ty) = s(OO)[l - lz]
e

For each first-order system whose frequency response is as follows, specify the
straight-line approximation of the Bode magnitude plot:

(a) 40(Z220L) (b 0.04(42238)

For each second-order system whose frequency response is as follows, specify the
straight-line approximation of the Bode magnitude plot:

250 L Jot50
@ Goprsosers ) 002058550
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6.12. A continuous-time LTI system S with frequency response H(jw) is constructed by

cascading two continuous-time LTI systems with frequency responses H,(jw) and
H,(jw), respectively. Figures P6.12(a) and P6.12(b) show the straight-line approx-
imations of the Bode magnitude plots of H;(jw) and H(jw), respectively. Specify
Hy(jw).

20 logyg | Hy(jw)l

24dBf - - - - — - -~ ;
20 dB/decade I 1 —20 dB/decade
|
o
! 1
1 i
6dB 1 1
1 1 |
! 1 R
1 8 10 40 100  (rad/sec)
@
20 logso | Hjw)|
—20dB
1 —40 dB/decade
1
1
t
1
1
8 10 100 w (rad/sec)
®) Figure P6.12

6.13. The straight-line approximation of the Bode magnitude plot of a second-order

continuous-time LTI system S is shown in Figure P6.13. S may be constructed by

20 logo | H(jw)l

/ —20 dB/decade

6 dB

—-26dB |-

/ —40 dB/decade

IS .

t
1
|
|
1

1 2 10 80 100 w (rad/sec) Figure P6.13
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6.14.

either connecting two first-order systems §; and S, in cascade or two first-order
systems 83 and Sy in parallel. Determine which, if any, of the following statements
are true or false. Justify your answers.

(a) Te frequency responses of ) and S, may be determined uniquely.

(b) The frequency responses of S3 and S4 may be determined uniquely.

The straight-line approximation of the Bode magnitude plot of a causal and stable

continuous-time LTI system S is shown in Figure P6.14. Spec1fy the frequency re-
sponse of a system that is the inverse of S.

20 logyo | H(jw)l

94dB |- -

80dB |- -

12dB

]
1 0dB/decade

20 dB/de:cade
i

40 dB/decade

|
1
{
| |
| |
| I
) i
1 |
| |
| 1
| 1
| |
| |
J

6.15.

6.16.

6.17.

6.18.

-~

01 02 10 50 100

 (rad/sec)  Figure P6.14

For each of the following second-order differential equations for causal and sta-
ble LTI systems, determine whether the corresponding impulse response is under-
damped, overdamped, or critically damped:

@) f‘ﬂ?—’ + 480 4 4y() = x(1)
(b) 5 4420 4 5y() = Tx(r)
(© —d,# + 2020 + y() = x(r)

@) 522 + 420 4 5y(r) = Tx(r) + 140

A particular first-order causal and stable discrete-time LTI system has a step re-
sponse whose maximum overshoot is 50% of its final value. If the final value is 1,
determine a difference equation relating the input x[n] and output y[n] of this filter.

For each of the following second-order difference equations for causal and stable LTI
systems, determine whether or not the step response of the system is oscillatory:
@) yln]+ yln-1]+ 4y[n — 2] = x[n]

(b) yln] = yln — 11+ §yln—2] = x[n]

Consider the continuous-time LTI system implemented as the RC circuit shown in
Figure P6.18. The voltage source x(7) is considered the input to this system. The
voltage y(r) across the capacitor is considered the system output. Is it possible for
the step response of the system to have an oscillatory behavior?
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MWW 0

R

x(t) C) y(t)
T C

o  Figure P6.18

6.19. Consider the continuous-time LTI system implemented as the RLC circuit shown
in Figure P6.19. The voltage source x(f) is considered the input to this system. The
voltage y(r) across the capacitor is considered the system output. How should R, L,
and C be related so that there is no oscillation in the step response?

— MM—— T ————
R L
x(1) D =

O Figure P6.19

6.20. Consider a nonrecursive filter with the impulse response shown in Figure P6.20.
What is the group delay as a function of frequency for this filter?

3
®
2 2
1I 1
L 4 — I L 4 \ 4
0 1 2 3 4 n
Figure P6.20

BASIC PROBLEMS

6.21. A causal LTI filter has the frequency response H(jw) shown in Figure P6.21. For
each of the input signals given below, determine the filtered output signal y(z).

@) x(t) = eJ (b) x(t) = (sinwgt)u(t)
© X(o) = goore @ X(o) =
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—2j}---- \

Figure P6.21

6.22. Shown in Figure P6.22(a) is the frequency response H(jw) of a continuous-time
filter referred to as a lowpass differentiator. For each of the input signals x(¢) below,
determine the filtered output signal y(z).

@) x(t) = cosQmt + 0)
(b) x(¥) = cos(dnt + 0)
(c) x(#)is a half-wave rectified sine wave of period, as sketched in Figure P6.22(b).

. 1
(@) = [ sin27t, m=t=<=@m+ 3)

0, (m+ %) = t = mfor any integer m
[H (jo)| “H (jw)
1T 3
3w
—3n 3 o 31
- 4
2

(a)

x(1)

ok
—
-

(b) Figure P6.22

6.23. Shown in Figure P6.23 is IH ( jw)l for a lowpass filter. Determine and sketch the
impulse response of the filter for each of the following phase characteristics:
(a) YH(jw) =0
(b) ¥H(jw) = wT, where T is a constant
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| H(je) |

e ®e  “  Figure P6.23

Ly 5, >0
(©) ¥H(jw) _[—Tﬂ’ <0

6.24. Consider a continuous-time lowpass filter whose impulse response A(¢) is known to
be real and whose frequency response magnitude is given as:

. _} 1L e =2007
IH(Jw)l - {0, otherwise

(a) Determine and sketch the real-valued impulse response A(t) for this filter when
the corresponding group delay function is specified as:
@ @) =5 (@) @) =3 (i) 7w) = -3

(b) If the impulse response h(f) had not been specified to be real, would knowl-
edge of |H(jw)| and 7() be sufficient to determine h(#) uniquely? Justify your
answer.

6.25. By computing the group delay at two selected frequencies, verify that each of the
following frequency responses has nonlinear phase.
@ H(jw) = 57 () H(jw) = (,—a,',q)-z © H(jo) = Gormoar

6.26. Consider an ideal highpass filter whose frequency response is specified as

L o]l > e,
H(jo) = {0, otherwise °

(a) Determine the impulse response h(t) for this filter.
(b) As w. is increased, does h(r) get more or less concentrated about the origin?
(c) Determine s(0) and s(), where s(¢) is the step response of the filter.

6.27. The output y(¢) of a causal LTI system is related to the input x(¢) by the differential
equation
dy(t)

7 + 2y(t) = x(t).

(a) Determine the frequency response

: Y(jw)

H(jw) = —

(o) X(ja)
of the system, and sketch its Bode plot.

(b) Specify, as a function of frequency, the group delay associated with this system.
(¢) If x(7) = e 'u(r), determine Y(jw), the Fourier transform of the output.
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(d) Using the technique of partial-fraction expansion, determine the output y(¢) for
the input x(¢) in part (c).
(e) Repeat parts (c) and (d), first if the input has as its Fourier transform

- . _ ltjw
@ X(w) = FHe,
then if pei
- . _ 2tjw
@) X(jo) = e,
and finally, if
ees . _ 1
(i) X(jo) = Grioare
6.28. (a) Sketch the Bode plots for the following frequency responses:
G 1+ (w/10) @ii) 1- (jw/10)
@) jwl-f2)“ (iv) 1_1(+0;¢/ul 2
o o) Lo
" 1-(jw/10) seer 1045 jo +10(jw)?
o) GopiGar (viil) =
(X 1+ jo+(jw) ® 1-jo+(jo)
(xi) (jo +10)(10jw +1)

[(w/100+ DI[((jw)* + jo+1)]

(b) Determine and sketch the impulse response and the step response for the sys-
tem with frequency response (iv). Do the same for the system with frequency
response (Vi).

The system given in (iv) is often referred to as a non-minimum-phase
system, while the system specified in (vi) is referred to as being a minimum
phase. The corresponding impulse responses of (iv) and (vi) are referred to as
a non-minimum-phase signal and a minimum-phase signal, respectively. By
comparing the Bode plots of these two frequency responses, we can see that
they have identical magnitudes; however, the magnitude of the phase of the
system of (iv) is larger than for the system of (vi).

We can also note differences in the time-domain behavior of the two sys-
tems. For example, the impulse response of the minimum-phase system has
more of its energy concentrated near ¢ = 0 than does the impulse response of
the non-minimum-phase system. In addition, the step response of (iv) initially
has the opposite sign from its asymptotic value as t — o, while this is not the
case for the system of (vi).

The important concept of minimum- and non-minimum-phase systems
can be extended to more general LTI systems than the simple first-order systems
we have treated here, and the distinguishing characteristics of these systems can
be described far more thoroughly than we have done.

6.29. An LTI system is said to have phase lead at a particular frequency w = wy if
<H(jwg) > 0. The terminology stems from the fact that if e/@ is the input to
this system, then the phase of the output will exceed, or lead, the phase of the input.
Similarly, if XH(jwo) < 0, the system is said to have phase lag at this frequency.
Note that the system with frequency response

1
I + jor
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has phase lag for all @ > 0, while the system with frequency response
1+ jor

has phase lead for all w > 0.
(a) Construct the Bode plots for the following two systems. Which has phase lead
and which phase lag? Also, which one amplifies signals at certain frequencies?

1+( !w/l()) ey 1+10jw
® 05w ) 7o T+(w/10)

(b) Repeat part (a) for the following three frequency responses
(1+(jw/10))? 1+ jw/10 1+10jw
M (_Tfnﬁr () oger+10j071 (i) Foieyr-o0207
6.30. Let h(r) have the Bode plot depicted in Figure P6.30. The dashed lines in the figure
represent straight-line approximations. Sketch the Bode plots for 104(10r).

0dB
3 -20
T -4

=4

g -60
& -80
-100

0.1 1 10 100 1000

w

0
%
S =
F 2
¥ 3
4
-

] 1 [ 1 [l

0.1 1 10 100 1000
® Figure P6.30

6.31. An integrator has as its frequency response
H(jw) = — + m8(@),
Jw

where the impulse at @ = 0 is a result of the fact that the integration of a constant
input from ¢ = —oo results in an infinite output. Thus, if we avoid inputs that are

vt st o o s
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jo) |

—

20 logqq | H

L H(jw)

493

constant, or equivalently, only examine H(jw) for o > 0, we see that

20log |[H(jw)| = —20log(w),

, -

YH(jw) = >

In other words, the Bode plot for an integrator, as illustrated in Figure P6.31, consists

of two straight-line plots. These plots refiect the principal characteristics of an inte-

grator: a phase shift of —90° at all positive values of frequency and the amplification
of low frequencies.

(a) A useful, simple model of an electric motor is an LTI system with input equal to
the applied voltage and output given by the motor shaft angle. This system can
be visualized as the cascade of a stable LTI system (with the voltage as input
and shaft angular velocity as output) and an integrator (representing the integra-
tion of the angular velocity). Often, a model of first-order system is used for the
first part of the cascade. Assuming, for example, that this first-order system has
a time constant of 0.1 second, we obtain an overall motor frequency response of

401

20 |-

0dB |~

__40 —

0.01 0.1 1 10 100 1000

o
1

[SIE]

1
0.01 0.1 1 10 100 1000
® Figure P6.31
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the form
Loy 1
Hio) = o+ jerio) T ™@:

Sketch the Bode plot for the system for @ > 0.001.

(b) Sketch the Bode plot for a differentiator.

(©

Do the same for systems with the following frequency responses:
. . _ )

® H(e) = i .
oe . _ w

(i) H(jo) = GGaoyiorGerion

6.32. Consider the system depicted in Figure P6.32. This “compensator” box is a continu-
ous-time LTT system.

(@)

(b)

Suppose that it is desired to choose the frequency response of the compensatorso

that the overall frequency response H(jw) of the cascade satisfies the following

two conditions:

1. The log magnitude of H(jw) has a slope of —40 dB/decade beyond w =
1,000.

2. For 0 < w < 1,000, the log magnitude of H(jw) should be between
—10dB and 10 dB.

Design a suitable compensator (that is, determine a frequency response for a

compensator that meets the preceding requirements), and draw the Bode plot

for the resulting H(jw).

Repeat (a) if the specifications on the log magnitude of H(jw) are as follows:

1. It should have a slope of +20 dB/decade for 0 < w < 10.

2. It should be between +10 and +30 dB for 10 < w < 100.

3. It should have a slope of —20 dB/decade for 100 < w << 1,000.

4. It should have a slope of —40 dB/decade for w > 1,000.

1
T ) e [
x({t)—>~| Compensator o7 50 y(t)

Figure P6.32

6.33. Figure P6.33 shows a system commonly used to obtain a highpass filter from a
lowpass filter and vice versa.

(a)

(b)

(©

x(t) —L H (jw)

Show that, if H(jw) is a lowpass filter with cutoff frequency w, p» the overall
system corresponds to an ideal highpass filter. Determine the system’s cutoff
frequency and sketch its impulse response.

Show that, if H(jw) is an ideal highpass filter with cutoff frequency w, p» the
overall system corresponds to an ideal lowpass filter, and determine the cutoff
frequency of the system.

If the interconnection of Figure P6.33 is applied to an ideal discrete-time low-
pass filter, will the resulting system be an ideal discrete-time highpass filter?

fLL
(Y

y !

> y(t)

Figure P6.33
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6.34. In Problem 6.33, we considered a system commonly used to obtain a highpass filter
from a lowpass filter and vice versa. In this problem, we explore the system further
and, in particular, consider a potential difficulty if the phase of H(jw) is not properly
chosen.

(a) Referring to Figure P6.33, let us assume that H(jw) is real and as shown in
Figure P6.34. Then

1-8 <H(jo)<1+8, 0 =w <o,

-8 < H(jw) < +8;, w3 <w.

Determine and sketch the resulting frequency response of the overall system of
Figure P6.33. Does the resulting system correspond to an approximation to a
highpass filter?

(b) Now let H(jw) in Figure P6.33 be of the form

H(jw) = Hi(jo)e!*®, (P6.34-1)

where H;(jw) is identical to Figure P6.34 and 6(w) is an unspecified phase
characteristic. With H(j) in this more general form, does it still correspond to
an approximation to a lowpass filter?

(c) Without making any assumptions about 8(w), determine and sketch the toler-
ance limits on the magnitude of the frequency response of the overall system of
Figure P6.33.

(d) If H(jw) in Figure P6.33 is an approximation to a lowpass filter with unspec-
ified phase characteristics, will the overall system in that figure necessarily
correspond to an approximation to a highpass filter?

Figure P6.34

6.35. Shown in Figure P6.35 is the frequency response H (e7¢) of a discrete-time differ-
entiator. Determine the output signal y[n] as a function of wy if the input x[n] is

x[n] = cosfwgn + 6].
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[ HEe™) |
ki
} +
- " w
L H(el?)
— 3
- ™ w
_3 s

Figure P6.35

6.36. Consider a discrete-time lowpass filter whose impulse response h[n] is known to be
real and whose frequency response magnitude in the region —7 < w =< 7 is given
as:

j L, |w =%
Jo — ’ 4
IF (™) { 0, otherwise
Determine and sketch the real-valued impulse response h[n] for this filter when the
corresponding group delay function is specified as:
@ T =5 ®)1@=32 (1) =-3]

6.37. Consider a causal LTI system whose frequency response is given as:

— lejw
H(el®) = e Jo— 2~
1-—- le_j'-" )
2
(a) Show that |H(e/“)| is unity at all frequencies.
(b) Show that

: 1sinw
LH(e) = ~w — 2tan™' | —2—— |
1-3cosw

(c) Show that the group delay for this filter is given by
3

4

Tw) = ——.
— COSw

ENLV

Sketch 7(w).
(d) What is the output of this filter when the input is cos(3n)?

6.38. Consider an ideal bandpass filter whose frequency response in the region —7 =<
@ = 7 is specified as

. T __ s
H(elw) = 1, ) wc = |(.0l = 2 tw, .
0, otherwise
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Determine and sketch the impulse response k[n] for this filter when

(a)wc=%
(b)w,'-:%
(c)wc=%

As w. is increased, does h[n] get more or less concentrated about the origin?
6.39. Sketch the log magnitude and phase of each of the followmg frequency responses.

(@ 1+; le—seo (b) 1+ 2e7 7@
(©) 1—2e Je d) 1+2e 7%
i 1+1eJo

(e) m 1) —%—‘l_ie_j,,,

142¢7 /% 1-2¢" 5@
(g) 1+%e'j“’ (h) l+%e‘f"'
o 1 . 1
@ A—Teioy(1-Jeiw) @ (-Teioy(1+3 e i)

1+2¢ 2/
) e

6.40. Consider an ideal discrete-time lowpass filter with impulse response h[n] and for
which the frequency response H(e/) is that shown in Figure P6.40. Let us consider
obtaining a new filter with impulse response k[n] and frequency response H; (e/*)
as follows:

0, nodd

This corresponds to inserting a sequence value of zero between each sequence value
of h[n]. Determine and sketch H,(e’) and state the class of ideal filters to which it
belongs (e.g., lowpass, highpass, bandpass, multiband, etc.).

hn] = {h[n/Z], n even

| He™) | LHE*)=0

1 1 i |
27 -7 e ¢ ™ 27w Figure P6.40

6.41. A particular causal LTI system is described by the difference equation

yln] — {y[ﬂ —1) + yin—2] = x[n} — x[n — 1].

(a) Find the impulse response of this system.

(b) Sketch the log magnitude and the phase of the frequency response of the system.
6.42. (a) Consider two LTI systems with the following frequency responses:
e"' Jw

1

joy - Lae7"
Hy(e’*) ,
1+ le‘J“’

+

Hy(e/*) = —,_—
1+ 2€ Jw
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Show that both of these frequency responses have the same magnitude function
li.e., [Hi(e/)| = |[H2(e/?)|], but the group delay of H(e/) is greater than the
group delay of H,(e/) for w > 0.

(b) Determine and sketch the impulse and step responses of the two systems.

(c) Show that

Hy(e”) = G(e/*)H\(e®),

where G(e’*) is an all-pass system [i.e., |G(e/®)| = 1 for all w].
When designing filters with highpass or bandpass characteristics, it is often conve-
nient first to design a lowpass filter with the desired passband and stopband specifi-
cations and then to transform this prototype filter to the desired highpass or bandpass
filter. Such transformations are called lowpass-to-highpass or highpass-to-lowpass
transformations. Designing filters in this manner is convenient because it requires
us only to formulate our filter design algorithms for the class of filters with low-
pass characteristics. As one example of such a procedure, consider a discrete-time
lowpass filter with impulse response hyp[n] and frequency response Hp(e/*), as
sketched in Figure P6.43. Suppose the impulse response is modulated with the se-
quence (—1)" to obtain hpp[n] = (—1)"hyp[n].
(a) Determine and sketch th(ej“’) in terms of H|p(ef“’). Show in particular that, for

Hyp(e’*) as shown in Figure P6.43, Hy,(e/“) corresponds to a highpass filter.
(b) Show that modulation of the impulse response of a discrete-time highpass filter

by (—1)" will transform it to a lowpass filter.

Hp (€'

1

—27

6.44.

x{n]

w

—m w 2n Figure P6.43

A discrete-time system is implemented as shown in Figure P6.44. The system S
shown in the figure is an LTI system with impulse response hiplnl.
(a) Show that the overall system is time invariant.

(b) If hyp[n] is a lowpass filter, what type of filter does the system of the figure
implement?

| yln
hlp[n]

(=" =" Figure P6.44
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6.45.

6.46.

6.47.

6.48.

Consider the following three frequency responses for causal and stable third-order
LTI systems. By utilizing the properties of first- and second-order systems dis-
cussed in Section 6.6, determine whether or not the impulse response of each of the
third-order systems is oscillatory. (Note: You should be able to answer this ques-
tion without taking the inverse Fourier transforms of the frequency responses of the
third-order systems.)

. 1
H((e’*) = ,
™) =4 Lemioy(1 — Lemiw)(1 — Temio)
. 1
H>(e’®) = ,
2(e™) (1 + Jemio)(1 — te i)l ~ ge~iv)
. 1
Hi(e') =

(1 — Yemio)(1 — 3emio + Kemi2w)

Consider a causal, nonrecursive (FIR) filter whose real-valued impulse response

h[n]is zesoforn = N.

(a) Assuming that N is odd, show that if h{#n] is symmetric about (N — 1)/2 (i.e., if
A[(N — 1)/2 + n] = h[(N — 1)/2 — n]), then

H(ej‘”) = A(w)e_j[(N_ l)/2]w’

where A(w) is a real-valued function of @. We conclude that the filter has linear
phase. :

(b) Give an example of the impulse response h[n] of a causal, linear-phase FIR
filter such that #[n] = Oforn = Sand h{n] # 0for0 = n = 4.

(¢) Assuming that N is even, show that if A[n] is symmetric about (N — 1)/2 (i.e.,
if A{(N/2) + n} = h[N/2 — n — 1]), then

H(ej“’) = A(w)e_j[(N' l)/2]w’

where A(w) is a real-valued function of w.
(d) Give an example of the impulse response h[n] of a causal, linear-phase FIR
filter such that A[n] = Oforn = 4and hfn] # 0 for0 < n < 3.

A three-point symmetric moving average, referred to as a weighted moving average,
is of the form

y[n] = blax[n — 1] + x[n] + ax[n + 1]}. P6.47-1)

(a) Determine, as a function of a and b, the frequency response H(e/“) of the three-
point moving average in eq. (P6.47-1).

(b) Determine the scaling factor b such that H(e/*) has unity gain at zero frequency.

(c) In many time-series analysis problems, a common choice for the coefficient a
in the weighted moving average in eq. (P6.47-1) is a = 1/2. Determine and
sketch the frequency response of the resulting filter.

Consider a four-point, moving-average, discrete-time filter for which the difference
equation is

y[n] = box[n] + byx[n — 1] + bax[n — 2] + byx[n — 2].
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Determine and sketch the magnitude of the frequency response for each of the fol-
lowing cases:

(a)
M)
(©)
@

b0=b3=0,b| b2
b] =b2=0,b0=b3
by =b = by =bs

b0= —bl =b2 = —b3

ADVANCED PROBLEMS

6.49. The time constant provides a measure of how fast a first-order system responds to
inputs. The idea of measuring the speed of response of a system is also important for
higher order systems, and in this problem we investigate the extension of the time
constant to such systems.

(@)

(b)

(©)

C))

Recall that the time constant of a first-order system with impulse response
h(t) = ae "u(t), a> 0,

is 1/a, which is the amount of time from ¢ = O that it takes the system step
response s(¢) to settle within 1/e of its final value [i.e., s(®®) = lim,_.s(?)].
Using this same quantitative definition, find the equation that must be solved in
order to determine the time constant of the causal LTI system described by the
differential equation

- d%y@) dy(1)
ar T

+ 10y(2) = 9x(z). (P6.49-1)

As can be seen from part (a), if we use the precise definition of the time constant
set forth there, we obtain a simple expression for the time constant of a first-
order system, but the calculations are decidedly more complex for the system
of eq. (P6.49-1). However, show that this system can be viewed as the parallel
interconnection of two first-order systems. Thus, we usually think of the system
of eq. (P6.49-1) as having two time constants, corresponding to the two first-
order factors. What are the two time constants for this system?

The discussion given in part (b) can be directly generalized to all systems with
impulse responses that are linear combinations of decaying exponentials. In
any system of this type, one can identify the dominant time constants of the
system, which are simply the largest of the time constants. These represent the
slowest parts of the system response, and consequently, they have the dominant
effect on how fast the system as a whole can respond. What is the dominant
time constant of the system of eq. (P6.49-1)? Substitute this time constant into
the equation determined in part (a). Although the number will not satisfy the
equation exactly, you should see that it nearly does, which is an indication that
it is very close to the time constant defined in part (a). Thus, the approach we
have outlined in part (b) and here is of value in providing insight into the speed
of response of LTI systems without requiring excessive calculation.

One important use of the concept of dominant time constants is in the reduction
of the order of LTI systems. This is of great practical significance in problems
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5t

1

s(t)

Figure P6.49

involving the analysis of complex systems having a few dominant time con-
stants and other very small time constants. In order to reduce the complexity
of the model of the system to be analyzed, one often can simplify the fast parts
of the system. That is, suppose we regard a complex system as a parallel in-
terconnection of first- and second-order systems. Suppose also that one of these
subsystems, with impulse response h(t) and step response s(2), is fast—that is,
that s(z) settles to its final value s() very quickly. Then we can approximate this
subsystem by the subsystem that settles to the same final value instantaneously.
That is, if §(¢) is the step response to our approximation, then

§() = s(o)u(e).

This is illustrated in Figure P6.49. Note that the impulse response of the ap-
proximate system is then

h(t) = s(=)8(2),

which indicates that the approximate system is memoryless.

Consider again the causal LTI system described by eq. (P6.49-1) and, in
particular, the representation of it as a parallel interconnection of two first-order
systems, as described in part (b). Use the method just outlined to replace the
faster of the two subsystems by a memoryless system. What is the differential
equation that then describes the resulting overall system? What is the frequency
response of this system? Sketch |H(jw)| (not log |H (jw)|) and < H (jw) for both
the original and approximate systems. Over what range of frequencies are these
frequency responses nearly equal? Sketch the step responses for both systems.
Over what range of time are the step responses nearly equal? From your plots,
you will see some of the similarities and differences between the original sys-
tem and its approximation. The utility of an approximation such as this de-
pends upon the specific application. In particular, one must take into account
both how widely separated the different time constants are and also the nature
of the inputs to be considered. As you will see from your answers in this part of
the problem, the frequency response of the approximate system is essentially
the same as the frequency response of the original system at low frequencies.
That is, when the fast parts of the system are sufficiently fast compared to the
rate of fluctuation of the input, the approximation becomes useful.
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6.50. The concepts associated with frequency-selective filtering are often used to sepa-

rate two signals that have been added together. If the spectra of the two signals do
not overlap, ideal frequency-selective filters are desirable. However, if the spectra
overlap, it is often preferable to design the filter to have a gradual transition between
passband and stopband. In this problem, we explore one approach for determining
the frequency response of a filter to be used for separating signals with overlapping
spectra. Let x(7) denote a composite continuous-time signal consisting of the sum
of two signals s(f) + w(f). As indicated in Figure P6.50(a), we would like to design
an LTI filter to recover s(t) from x(¢). The filter’s frequency response H(jw) is to
be chosen so that, in some sense, y(¢) is a “good” approximation to s(?).

Let us define a measure of the error between y(¢) and s(7) at each frequency
 as

e(w) £ |S(jw) — Y(jw)P,

where S(jw) and Y(jw) are the Fourier transforms of s(f) and y(z), respectively.

(a) Express €(w) in terms of S(jw), H(jw), and W(jw), where W(jw) is the
Fourier transform of w(z).

(b) Letusrestrict H(jw) to be real, so that H(jw) = H*(jw). By setting the deriva-
tive of €(w) with respect to H(jw) to be zero, determine the H( Jjw) required to
minimize the error €(w).

(c) Show that if the spectra of S(jw) and W(jw) are non-overlapping, the result in
part (b) reduces to an ideal frequency-selective filter.

(d) From your result in part (b), determine and sketch H(jw) if S( jw) and W(jw)
are as shown in Figure P6.50(b).

x(t) = s(t) + w(t)=——>- H(jw) > y(t)

@

®) Figure P6.50
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6.51. An ideal bandpass filter is a bandpass filter that passes only a range of frequencies,

without any change in amplitude or phase. As shown in Figure P6.51(a), let the
passband be

wo—! < |o| = wo +

2

2

(a) What is the impulse response h(t) of this filter? .

(b) We can approximate an ideal bandpass filter by cascading a first-order lowpass
and a first-order highpass filter, as shown in Figure P6.51(b). Sketch the Bode
diagrams for each of the two filters H;( Jjw) and Hy(jw).

(¢) Determine the Bode diagram for the overall bandpass filter in terms of your
results from part (b).

H(jw)
1
: ——
- w
R o S~
(a
LP HP
1) o] >~ L U
X0 hy hy () v
. 10° . jo
H, (jo) = H, (joo) =
109 = 15 e 209 = T50+7w

(o)

Figure P6.51

6.52. In Figure P6.52(a), we show the magnitude of the frequency response for an ideal
continuous-time differentiator. A nonideal differentiator would have a frequency
response that is some approximation to the frequency response in the figure.

(a) Consider a nonideal differentiator with frequency response G(jw) for which
|G(jw)] is constrained to be within +10% of the magnitude of the frequency
response of the ideal differentiator at all frequencies; that is,

-0.1|H(jw)| = [IG(jw)| — [H(jo)|] = 0.1|H(jw)|

Sketch the region in a plot of G(jw) vs. @ where |G(jw)| must be confined to
meet this specification.
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[ H (jo) | I H (jo) |= kol

“— Slope =1

w

(@

Multiplication

x(® by 1/T

— y(t) =Tw(d)

Ideal delay
T sec. xt—T)

(b)
Figure P6.52

(b) The system in Figure P6.52(b), incorporating an ideal delay of T seconds, is
sometimes used to approximate a continuous-time differentiator. For T = 1072
second, determine the frequency range over which the magnitude of the fre-
quency response of the system in the figure is within *10% of that for an ideal
differentiator.

In many filtering applications, it is often undesirable for the step response of a filter
to overshoot its final value. In processing pictures, for example, the overshoot in the
step response of a linear filter may produce flare—that is, an increase in intensity—
at sharp boundaries. It is possible, however, to eliminate overshoot by requiring that
the impulse response of the filter be positive for all time.

Show that if A(z), the impulse response of a continuous-time LTI filter, is al-
ways greater than or equal to zero, the step response of the filter is a monotonically
nondecreasing function and therefore will not have overshoot.

By means of a specific filter design procedure, a nonideal continuous-time lowpass
filter with frequency response Hy(jw), impulse response ho(f), and step response
so(?) has been designed. The cutoff frequency of the filter is at w = 27 X 102
rad/sec, and the step response rise time, defined as the time required for the step
response to go from 10% of its final value to 90% of its final value, is 7, = 1072
second. From this design, we can obtain a new filter with an arbitrary cutoff fre-
quency w, by the use of frequency scaling. The frequency response of the resulting
filter is then of the form

Hip(jw) = Ho(jaw),

where a is an appropriate scale factor.
(a) Determine the scale factor a such that H,(jw) has a cutoff frequency of w..
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6.55.

6.56.

(b) Determine the impulse response Ajp(f) of the new filter in terms of w. and Ay(?).
(c) Determine the step response syp(f) of the new filter in terms of w. and so(2).
(d) Determine and sketch the rise time of the new filter as a function of its cutoff
frequency w..
This is one illustration of the trade-off between time-domain and
frequency-domain characteristics. In particular, as the cutoff frequency de-
creases, the rise time tends to increase.

The square of the magnitude of the frequency response of a class of continuous-time
lowpass filters, known as Butterworth filters, is

1

2 N2
BU = 1 aloy ™

Let us define the passband edge frequency w, as the frequency below which
|B(jw)|? is greater than one-half of its value at @ = 0; that is,

. Lip i
B = 31BGOP, |o| <.

Now let us define the stopband edge frequency w; as the frequency above which
|B(jw)|? is less than 1072 of its value at w = 0; that is,

|B(jo)P? = 1072B(O), |o| > w;.

The transition band is then the frequency range between @ , and w;. The ratio w,/w
is referred to as the transition ratio.

For fixed wp,, and making reasonable approximations, determine and sketch
the transition ratio as a function of N for the class of Butterworth filters.

In this problem, we explore some of the filtering issues involved in the commercial
version of a typical system that is used in most modern cassette tape decks to reduce
noise. The primary source of noise is the high-frequency hiss in the tape playback
process, which, in some part, is due to the friction between the tape and the playback
head. Let us assume that the noise hiss that is added to the signal upon playback has
the spectrum of Figure P6.56(2) when measured in decibels, with 0 dB equal to the
signal level at 100 Hz. The spectrum S(jw) of the signal has the shape shown in
Figure P6.56(b).
The system that we analyze has a filter H,(jw) which conditions the signal
s(t) before it is recorded. Upon playback, the hiss n(f) is added to the signal. The
system is represented schematically in Figure P6.56(c).
Suppose we would like our overall system to have a signal-to-noise ratio of 40
dB over the frequency range 50 Hz < w/27 < 20 kHz.
(a) Determine the transfer characteristic of the filter H,(jw). Sketch the Bode plot
of H,(jw).
(b) If we were to listen to the signal p(z), assuming that the playback process does
nothing more than add hiss to the signal, how do you think it would sound?
(¢) What should the Bode plot and transfer characteristic of the filter H>(jw) be in
order for the signal 5(7) to sound similar to s(7)?
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20 logyg | N(jw) |

—-40dB
1 i 1

5kHz 10kHz 20kHz f=2
@

20 logyo | S(jw) |
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o
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{©
Figure P6.56

6.57. Show that if A[n], the impulse response of a discrete-time LTI filter, is always greater
than or equal to zero, the step response of the filter is a monotonically nondecreasing
function and therefore will not have overshoot.

6.58. In the design of either analog or digital filters, we often approximate a specified
magnitude characteristic without particular regard to the phase. For example, stan-
dard design techniques for lowpass and bandpass filters are typically derived from
a consideration of the magnitude characteristics only.

In many filtering problems, one would ideally like the phase characteristics to
be zero or linear. For causal filters, it is impossible to have zero phase. However, for
many digital filtering applications, it is not necessary that the unit sample response
of the filter be zero for n < 0 if the processing is not to be carried out in real time.

One technique commonly used in digital filtering when the data to be filtered
are of finite duration and stored, for example, on a disc or magnetic tape is to process
the data forward and then backward through the same filter.

Let h[n] be the unit sample response of a causal filter with an arbitrary phase
characteristic. Assume that h[n] is real, and denote its Fourier transform by H(e/*).
Let x[n] be the data that we want to filter. The filtering operation is performed as
follows:
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x[n]=—1 h[n] [——> g[n]

g[-n}=——>- h[n] }—>r[n]

s[n] = r[—n}
(@

x[n) »{ hin] » g[n]

x[—n]=——31 h[n] p=——>r[n]

(b)
H (")

3f---=--
€

© Figure P6.58

(a) Method A: Process x[n] to get s[n], as indicated in Figure P6.58(a).

1. Determine the overall unit sample response /[n] that relates x[n] and s[n],
and show that it has zero phase characteristic.
2. Determine |[H;(e/)| and express it in terms of |[H(e/?)| and XH(e/*).

(b) Method B: Process x[n] through the filter h[n] to get g[n] [Figure P6.58(b)].
Also, process x[n] backward through h[#] to get r[n]. The output y[n] is taken
to be the sum of g{n] and r[—n]. The composite set of operations can be repre-
sented by a filter with input x[#n], output y[r], and unit sample response h;[n].
1. Show that the composite filter hy[n] has zero phase characteristic.

2. Determine |[H,(e/?)|, and express it in terms of |H(e/?)| and <H(e/®).

(¢) Suppose that we are given a sequence of finite duration on which we would

like to perform bandpass, zero-phase filtering. Furthermore, assume that we
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are given the bandpass filter i[n] with frequency response as specified in Fig-
ure P6.58(c) and with magnitude characteristic that we desire, but with linear
phase. To achieve zero phase, we could use either of the preceding methods, A
or B. Determine and sketch |H;(e/®)| and |H,(e/®)|. From these results, which
method would you use to achieve the desired bandpass filtering operation? Ex-
plain why. More generally, if h[n] has the desired magnitude, but a nonlinear
phase characteristic, which method is preferable to achieve a zero phase char-
acteristic?
Let h,[n] denote the unit sample response of a desired ideal system with frequency
response H_,(e/*), and let h[n] denote the unit sample response for an FIR system
of length N and with frequency response H (e/°). In this problem, we show that a
rectangular window of length N samples applied to hy[n] will produce a unit sample
response h[n] such that the mean square error

w
= L I |Hy(e/*) — H(e/*)] dw
27

is minimized. . . .
(a) The error function E(e/*) = Hy(e/*) — H(e’*) can be expressed as the power
series
E(e/?) = Z e[nle 7"

n=—x

Find the coefficients e[n] in terms of hy[n] and h[n].

(b) Using Parsevals relation, express the mean square error €? in terms of the co-
efficients e[n].

(c¢) Show that for a unit sample response h{n] of length N samples, €2 is minimized
when

_ | halnl, 0=n=N-1
hin] {O, otherwise )

That is, simple truncation gives the best mean square approximation to a desired
frequency response for a fixed value of N.

In Problem 6.50, we considered one specific criterion for determining the frequency
response of a continuous-time filter that would recover a signal from the sum of
two signals when their spectra overlapped in frequency. For the discrete-time case,
develop the result corresponding to that obtained in part (b) of Problem 6.50.

In many situations we have available an analog or digital filter module, such as a
basic hardware element or computer subroutine. By using the module repetitively
or by combining identical modules, it is possible to implement a new filter with
improved passband or stopband characteristics. In this and the next problem, we
consider two procedures for doing just that. Although the discussion is phrased in
terms of discrete-time filters, much of it applies directly to continuous-time filters
as well.
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6.62.

w=2. R PR D ,,’e»,;m:'i?m‘“ P Figure P6.6I "

Consider a lowpass filter with frequency response H (e/) for which |H(e/*)|
falls within the tolerance limits shown in Figure P6.61; that is,

1-6; = lH(ejw)' =146, 0=w = w|,

0=|HE?®)| =8, w=w=m

A new filter with frequency response G(e/*) is formed by cascading two identical

filters, both with frequency response H (/).

(a) Determine the tolerance limits on [G(e/*)].

(b) Assuming that H(e/) is a good approximation to a lowpass filter, so that 8 <<
1 and 8, << 1, determine whether the passband ripple for G(e/®) is larger or
smaller than the passband ripple for H(e/®). Also, determine whether the stop-
band ripple for G(e/*) is larger or smaller than the stopband ripple for H (e/°).

(c) If N identical filters with frequency response H (e/*) are cascaded to obtain a
new frequency response G(e/), then, again assuming that 8, << 1 and §; <<
1, determine the approximate tolerance limits on |G(e/®)|.

In Problem 6.61, we considered one method for using a basic filter module repeti-

tively to implement a new filter with improved characteristics. Let us now consider

an alternative approach, proposed by J. W. Tukey in the book, Exploratory Data

Analysis (Reading, MA: Addison-Wesley Publishing Co., Inc., 1976). The proce-

dure is shown in block diagram form in Figure P6.62(a).

(a) Suppose that H (/) is real and has a passband ripple of +6, and a stopband
ripple of +8, (i.e., H(e/*) falls within the tolerance limits indicated in Fig-
ure P6.62(b)). The frequency response G(e’/®) of the overall system in Figure
P6.62(a) falls within the tolerance limits indicated in Figure P6.62(c). Deter-
mine A, B, C, and D in terms of 8; and 8.

(b) If §; << land 8, << 1, what is the approximate passband ripple and stopband
ripple associated with G(e/*)? Indicate in particular whether the passband rip-
ple for G(e/®) is larger or smaller than the passband ripple for H(e/*). Also,
indicate whether the stopband ripple for G(e/*) is larger or smaller than the
stopband ripple for H(e/*).

(¢) In parts (a) and (b), we assumed that H(e/®) is real. Now consider H (e/) to
have the more general form

H(ej"’) = H, (ejw )ejﬂ(w),

where H,(e/*) is real and 8(w) is an unspecified phase characteristic. If |H{(e’*)|
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x[nl —| H(e*) | Hel*) b wI[n]

(1-8)<HE"=(1+8) O=ow=o

-8, =<HE") =35, vy ==

8,1

8,1

(b)
Gle')

A<G(E"“)=B O0=w=u,

C=GE*“)=D w;=w=m

©

Figure P6.62

is a reasonable approximation to an ideal lowpass filter, will |G(e/*)| necessarily
be a reasonable approximation to an ideal lowpass filter?
(d) Now assume that H(e/*) is an FIR linear-phase lowpass filter, so that

H(e'®) = Hi(e/)eM,
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where H,(e/®) is real and M is an integer. Show how to modify the system in
Figure P6.62(a) so that the overall system will approximate a lowpass filter.

6.63. In the design of digital filters, we often choose a filter with a specified magnitude

6.64.

characteristic that has the shortest duration. That is, the impulse response, which
is the inverse Fourier transform of the complex frequency spectrum, should be as
narrow as possible. Assuming that h[#] is real, we wish to show that if the phase
0(w) associated with the frequency response H (e/®) is zero, the duration of the
impulse response is minimal. Let the frequency response be expressed as

H(e/?) = |H(e/®)|e/®@),

and let us consider the quantity

o

D= > nhn]= i (nhln})*

n=-—o n=-—-w

to be a measure of the duration of the associated impulse response h{n].

(a) Using the derivative property of the Fourier transform and Parseval’s relation,
express D in terms of H(e/*).

(b) By expressing H(e/*) in terms of its magnitude |[H(e/*)| and phase (w), use
your result from part (a) to show that D is minimized when 6(w) = 0.

For a discrete-time filter to be causal and to have exactly linear phase, its impulse

response must be of finite length and consequently the difference equation must be

nonrecursive. To focus on the insight behind this statement, we consider a particular

case, that of a linear phase characteristic for which the slope of the phase is an

integer. Thus, the frequency response is assumed to be of the form

H(el®) = H(e/)e Mo —p << (P6.64-1)

where H,(e/*) is real and even.

Let h{n] denote the impulse response of the filter with frequency response
H(e/®) and let h,[n] denote the impulse response of the filter with frequency re-
sponse H,(e/®).

(a) By using the appropriate properties in Table 5.1, show that:
1. h,[n] = hf—n] (i.e., h[n] is symmetric about n = 0).
2. hln] = h[n - M].

(b) Using your result in part (a), show that with H (e/®) of the form shown in eq.
(P6.64—1), hn] is symmetric about n = M, that is,

h[M + n] = h[M — n]. (P6.64-2)

(¢) According to the result in part (b), the linear phase characteristic in eq.
(P6.64—1) imposes a symmetry in the impulse response. Show that if h{n]
is causal and has the symmetry in eq. (P6.64-2), then

h[n] = 0, n<0and n>2M

(i.e., it must be of finite length).
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6.65. For a class of discrete-time lowpass filters, known as Butterworth filters, the squared

6.66.

x[n]

magnitude of the frequency response is given by

1

2N r
tan(w/2)
1+ (tan(wcfz))

|B(e/)? =

where w. is the cutoff frequency (which we shall take to be 7/2) and N is the order
of the filter (which we shall consider to be N = 1). Thus, we¢ have

joy2 = L

BE™ N = T anwn)

(a) Using trigonometric identities, show that |B(e/*)[* = cos(w/2).

(b) Let B(¢/*) = acos(w/2). For what complex values of a is |B(e/*)|? the same
as in part (a)?

(¢) Show that B(e/?) from part (b) is the transfer function corresponding to a dif-
ference equation of the form

yln] = ax{n} + Bx[n — v].

Determine «, 3, and vy.
In Figure P6.66(a) we show a discrete-time system consisting of a parallel combi-
nation of N LTI filters with impulse response hinl,k =0,1,---,N — 1. For any &,
hi[n] is related to ho[n] by the expression

hi[n) = /@™ N pyin).

(a) If ho[n] is an ideal discrete-time lowpass filter with frequency response Hy(el®)
as shown in Figure P6.66(b), sketch the Fourier transforms of h; [n] and hy_[n]
for w in the range —7m <w = +7.

Yolnl

holn]

y1In}

h4in]

N-1
ylnl= X yIn]
k=0

hi[n]

hy-4ln]

yn-1in]

Figure P6.66a
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Figure P6.66b

(b) Determine the value of the cutoff frequency w. in Figure P6.66(b) in terms of
N (0 < w. =< 1) such that the system of Figure P6.66(a) is an identity system;
that is, y[n] = x[n] for all n and any input x[n].

(¢) Suppose that h[n] is no longer restricted to be an ideal lowpass filter. If h{n]
denotes the impulse response of the entire system in Figure P6.66(a) with input
x[n] and output y[n], then h[n] can be expressed in the form

h{n} = rinlho(n].

Determine and sketch rin].

(d) From your result of part (c), determine a necessary and sufficient condition on
ho[n] to ensure that the overall system will be an identity system (i.e., such that
for any input x[n], the output y[n] will be identical to x[n]). Your answer should
not contain any sums.



